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Gensys’non-minimality is shown analytically and necessary and sufficient conditions for vector autoregression
representations of states in outputs are presented.

gensys; minimality; state space.
C02; C32.

Sims’ (2001) Matlab solution algorithm to linear rational expectation models is called gensys. Does it deliver
minimal linear time invariant state space representations? Namely, is gensys sufficient for minimal linear time
invariant state space representations? The example produced by Komunjer and Ng (2011) shows that the answer
is negative: G+ M K. since 3Ix € Usuch that G XA —=MRxin which G =gensys,
MR =Minimal representation, X =counterexample and U =universe (i.e. domain of discourse). This note
shows such analytically, presenting necessary and sufficient conditions for vector autoregression representations
of states in outputs.

Gensys gives rise to the unique and stable solution [x;; x,¢]" = [(A110)(00)] T [x1p—q Xe—1]" +
[B11By1] " us, Vt € Z,x1; € R™1,x,, € R™2,u, € R™,A;; € R™1*™u, B;; € R™1*™u and B,; €
R™1*™xu; x,, is a vector of non-expectational variables, X,; is a vector of expectational variables and is a
vector of inputs (i.e.shocks). Such a solution is the transition equation of a linear time invariant state space

representatTion : in : discrete time:
.[.1"” I_Jf] — [{."1[[ {” H]‘ “}] :.I'L_f_[ J'zf_]] + [BH B-_J[] U ¢ Ty = ﬁl,l‘"f_] T Bh‘.f.
Yy € B7, A € R" "™ gng BE B"= "1 x4 js a vector states such that e = Thry + Ty

Let Me R™w %M give rise to
Mx; = MAxy, 1 + MBuy +— yy = Cxy_1 + Duy, Yy, e R, C € R *"s and

e ™ ="t is the measurement equation of a linear time invariant state space representation in discrete
time, in which ¥ is a vector of outputs; M is called measurement matrix.
Linear time invariant state space representations are minimal if and only if rank 'c = o = Ttz for

i e —1 2] T Ang—1 T
controllability matrix C’_|' A B ang observability matrix (}_[' o CAT ] > Non-minimal

representations can be reduced to minimal ones by the Kalman decomposition: the economic interpretation is
invariant ~ (see  Franchi ~ (2013)). Assume that the  representaton  be  minimal:
Xmt = -ﬂ'm-rarl.' L - f-"’nr”ﬁ and = (-.m-rm.' L llr-)”f-

Assume that ID be non-singular and thus square: ™= = "'« Solve the measurement equation for 1
and plug it into the transition equation:
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Kmt = (4 iy Bm D lcru} Tmt—1 Bru D lyi - F.ru:r?ru.—l f BHLD ly.{f

P — % i -1

Fm = Am1_ B..D7'C,,. Solve it backwards, satisfying causality: Xmt = Z_x:n F.Bm D™y if
and only if Fun is stable, namely, Fun's characteristic polynomial eigenvalues are less than one in modulus, |
AR ()] { Vor Fin (A) = Fiyy = AL j det[Fy, (A)] = 0. Plug this into the measurement equation:
Ye = E;:[} Fﬂthﬂ_l?Jr—J—l + D?.ii-

Thus: there exists a vector autoregression of infinite order VAR(oc) jf and only if F'm is stable; there exists a
vector autoregression of finite order VAR(E) for k<oc if and only if ¥ is nilpotent, namely, Fm’s
characteristic polynomial eigenvalues are zero, AF(x) = 0. See Franchi (2013), Franchi and Paruolo (2014),
Fernandez-Villaverde et al. (2007), Ravenna (2007) and Franchi and Vidotto (2013) for further detail.

2. Symmetric Case

notice that

Let *1t be symmetrigally semi-measurable, namely, let half of its rows be measurable:
Xp = [ii'le IN1t -I_Jr] such that
Dy = gy A= [(A1y, Ainy, 0) (A, A, 0) (0 00)]" . B =By, B, Bal .
M:[l 001, ¥ = Zoe, €= [A11y, A1, 0] and P=B11,,- Record e for C and T for
O npg=re=3>ro=2, thus, the representation is controllable, non-observable and therefrom non-
minimal.

Reduce the representation to minimality by the Kalman decomposition: construct similarity

17

transformation matrix T=[0r vn,—rol such that T
root — T_L:f?'\- Ar‘nﬁ — T_l‘4T1 Br:nﬁ — T_l-B'u G{:ﬂﬁ - (-:'T\ c(:f‘rﬁ — T_IC and Cj
con = OT: select the first ro = 2 states such that T

et — Lty fia‘n — “'1?r1-. Bi-n — B'm-. Cru:- — C"TJ‘PI* C-'n — {:?u and er'n = ﬁ}nr-
Computing Fm, Frn (A) and |}‘f".-~ [l*i'l' Fon first eigenvalue matrix
A= Mpmoy = = [AnnBis = A Bun Bl and Fao second  eigenvalue  matrix

As = dapmn) = 0 notice that
1‘"‘-111-1 € Bt Ry X Ullm = Bty .>'\H-“.. 311122 e [T by KTz pry . Hlln e B gy xﬂ.ul

Thus, there exists a VAR(K), ¥k <00, of x¢ in ¥i if and only if Pl €105 1) g
A (A=A — Al in Elf_‘t[;h l::)k:ll = 1.
Such a gensys condition is necessary and sufficient for a vector autoregression representation of the states in

the outputs in the symmetric case, furthering |)"F H}l €10, 1) and acting as the analytical counterexample
to the syntactic implication ‘Minimal linear time invariant state space representations if gensys’.

3. Complete and Asymmetric Case

Let X1+ be fully measurable, namely, let all of its rows be measurable: M=[1 0], #: = x1¢, €' = [A1; 0]
and D=B11. Record r'c for C and Te for U1 1. =71¢ =2 > ro = 1. thus, the representation is
controllable, non-observable and therefrom non-minimal.

Reduce the representation to minimalty by the Kalman  decomposition:  construct

. | |
T=[0r5 tn,—ro] = [(4110) (01)]" ang proceed as before, selecting the first ' = 1 states, so
that

[J:mt UE]T = [-’1“:-, ’(—-—'fnl]-r Tmt—1 T [H?:a D]T'“-t — |--f'11_11-'1-'1t -T:lt] | = _-"111 -’1¥1-| ‘Iil_llirlt—]
— I
-f—[ﬂlllﬂll H]]] .

Computing Frms Frn (M and M) s AR ) = Fin = A — Afy Bii By AT} = 0716 there
exists a VAR(K) , Wk < 00, of x4 jn vt

The scenario of X1t asymmetric semi-measurability, namely, ™ a1 7 Ty + is best studied case by case.
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This note’s conclusion prescribes the reduction of gensys’representation to minimality as hereby shown.
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Appendix

Matlabcommands for symmetric case.

% gensys state space (symmetric case)
syms a1111a1112 a1121 a1122 b1111 b1121 b21
A=[a1111 a1112 0; a1121 a1122 0; zeros(1, 3)];
B=[b1111; b1121; b21];

M=[1 0 0]; C=M*A; D=M"B;

% Controllability and observability
Con=[B A*B A*A"B];

fprintf(‘Controllability matrix rank'’)
rc=rank(Con)

Obs=[C; C*A; C*A*A];
fprintf('Observability matrix rank')
ro=rank(Obs)

% Similarity transformation

v=[001];

T=[Obs(1:2, 1:3); v];

invT=inv(T);

% Canonical and minimal decomposition
Ad = invT*A*T;

Bd =invT*B;

Cd=CT;

Am =[Ad(1:2, 1:2)];

Bm = [Bd(1:2, 1:1)];

Cm=Cd(1:1, 1:2);

% Minimal controllability and observability
Conm=[Bm Am*Bm];

fprintf('Minimal controllability matrix rank')
rcm=rank(Conm)

Obsm=[Cm; Cm*Am];

fprintf('Minimal observability matrix rank’)
rom=rank(Obsm)

% Minimal VAR representation
Fm=Am-Bm*inv(D)*Cm;

fprintf('Minimal VAR representation condition eigenvalues')
lambdas_Fm=eig(Fm)
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