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Real data from continuous quantities, considered under different models in economic theory, cannot be
measured precisely. As a result, measurement results cannot be accurately represented by real numbers, as they
contain different kinds of uncertainty. Beside errors and variability, individual measurement results are more or
less fuzzy as well. Therefore, real data have to be described mathematically in an adequate way. The best up-to-
date models for this are so-called fuzzy numbers, which are special fuzzy subsets of the set of real numbers.
Based on this description, statistical analysis methods must be generalized to the situation of fuzzy data. This is
possible and will be explained here for descriptive statistics, inferential statistics, objective statistics, and
Bayesian inference.

Bayesian analysis; descriptive statistics; fuzzy information; fuzzy numbers; statistical inference
C11;C13;C15

Measurement results of continuous variables are often clouded with uncertainty. In addition, many data
are not exact numbers but more or less fuzzy. This type of uncertainty differs from measurement errors. In fact,
the obtained data are generally associated with various types of uncertainty. There are multiple components to
uncertainty in economic analyses, and it is a challenge for researchers to characterize the full nature and
magnitude of these components (Hansen 2017). This challenge should be approached with caution for an
accurate data analysis. Data with uncertainty (fuzzy data) are common in economic analysis, i.e. economic
indicators such as measures of trade, labor force, and stock market. In these cases, the data to be reviewed
and/or further analyzed are often presented with considerable uncertainties. Nevertheless, such data, despite
their uncertainties, are essential for decisions and often critical. Different methods have been developed for
analyzing or correcting results from the use of incomplete data (Krasker 1983). The description of fuzzy data and
their statistical analysis also form an active field of research. The most up-to-date mathematical model to describe
the fuzziness is fuzzy numbers and their characterizing functions (Viertl 2015).

In this contribution, the generalized statistical methods to handle fuzzy data, common in economic
analysis, are described. In section 2, definition of fuzzy data, fuzzy probability densities, and fuzzy-valued
functions are explained. Definition of fuzzy sample and some of generalized methods for measures of location
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(central tendency) as well as dispersion are described in section 3. Some additional useful descriptive statistics
for fuzzy data are explained in section 4. In section 5, inferential statistics based on fuzzy information are
described. In section 6, the generalized method for Bayesian Inference with fuzzy data is presented. An open-end
and critical research area, i.e. fuzzy stochastic processes, is suggested in section 7. The contribution is
concluded with final remarks in section 8.

Many important economic information is not obtained as precise data, but rather imprecise, e.g. high
income, low interest rate, good quality, and many more. A modern quantitative description of such linguistic
variables is fuzzy sets. Hence, the occurring uncertainty can be modelled using the theory of fuzzy random
functions (Maller 2009). A fuzzy subset of a given set M is a generalization of the indicator function L () of a
classical subset A & M. These generalized functions are called membership functions (), which are functions
& M —[0,1]. The value &(x) for x e M is the degree to which x belongs to the fuzzy set defined by &(:).

Remark 2.1 Indicator functions are special forms of membership functions obeying I;: M — {0,1}, i.e.
they allow only two possible values of 0 and 1.

General membership functions can assume all values from the closed unit interval [0,1], however. Fuzzy
subsets of a universal set M are determined by a family of classical subsets of M, i.e. the so-called 5-cuts.

Definition 2.1 Let &(-) be the membership function of a fuzzy subset of the universal set M. For all
8€(0,1], the &-cut C[ &(-)] is defined by C £(-)] == {x e M: g(x) 2 ).

Now the following representation lemma is valid (Viertl 2011).

Lemma 2.1 For every membership function &(-), the following holds true:

g(x) = max{3. Iogy (*q): 5€[01]} Vxe M
Proof: For fixed x5 € M and 5<[0,1], we have
Therefore, we obtain for every 3€[0,1], 8 * I¢y(y () = £(x), and further,
sup{8 -+ I 01(x): 8[0,1]} < E(x,). On the other hand, we have for 85 = £(x,):
So- Ty e (*o) = 8o and, therefore, sup {5 Ie.pzy1(x): 8 [0,1]} = &,

which implies sup {5 e e01(x): 56[0,1]} = E(xg) = mﬂx{_a T e () 5'5[':"1]} = d,.
Remark 2.2: Fuzzy sets are determined by the family of their 5-cuts Cg [E(-)]; 8 (0,1]. The family of &-
cuts is a nested family of subsets of M, je. &, < &, = C,;J_; CEE. The question is whether every nested

family of subsets of M are the 3-cuts of a fuzzy set in M. There are counterexamples, but the following
construction lemma holds:

Lemma 2.2 Let (Az; 6=(0,1]) be a nested family of subsets of a given set M. Then, a fuzzy subset of
M is generated, whose membership function is defined by

&(x) = sup{d-1 a5(xp): 5€[0,1]} Vxe M,
for which the following holds true:
Cs[E()] = Az IFF ﬂﬂg = Az

B<d

Proof: First we extend the family (A5;8=(0,1]) by the element A, = M. Then, the proof is in the
following three steps:

(1) As € Cslz(0] vwa=(01]:

32



Forx € Az, we have 5-14/(x) = & and, thus, sup {JG L (x): Be (0!1]} = 8. By definition of &(), we
have &(x) = & and, therefore, x € C[&(-)].

(2) As= Np<sAp= CJE()]=4a

For x ¢ Az, from A; = Mgz Ag, we know there exists a< B with x ¢ A, and by the nested
structure of the generating family (4 ; &€ (0,1]), we know that x & 4 ¥ € (o, 1]. Therefore,
E(x) = sup{,[? Iy, (x): Be(ﬂ,l]} <o = §,and therefore x ¢ C,[(")].

(3) Csle()]= A= Az = NpesAp:

As € NgegAg holds by the nested structure of (As;8=(0,1]). For x ¢ C,¢(-)], assuming
A; = C;[E(-)], we obtain £(x) =sup{,[?-fﬂﬂ (x): BE(D,l]}{ §. Choosing & € (£(x),8), we
have x € Az and, therefore x & g5 Ag.

Remark 2.3 For a given nested family of subsets of M, the generated fuzzy subset contains &-cuts which

are equal to the generating sets as far as possible. See also (Zadeh 1965 and Dubois 1987) for related
mathematical definitions.

Measurement data from continuous quantities are always more or less imprecise, i.e. they cannot be
represented by precise numbers. Therefore, a more general concept than real numbers is necessary. The best
up-to-date such models are so-called fuzzy numbers.

Definition 2.2 A fuzzy number x" is a fuzzy subset of the set of real numbers R, whose membership
function &(-) obeys the following:

(1) supp[&(-)] is a bounded set, i.e. supp[&(-)] < [a,b] with -co <a < b < o0.

(2) C4[&(-)] s a finite union of compact intervals, i.e.

CleN = UTL, [ag;, by ;1» @ forall 5e(0,1]

Membership functions obeying the conditions (1) and (2) are called characterizing functions. If all 3-cuts of
a fuzzy number are compact intervals, the corresponding fuzzy number is called fuzzy interval.

Remark 2.4 Methods for obtaining the characterizing function of fuzzy measurement data can be found in
(Klir 1995, Viertl 2011 and Kovarova 2015).

For multivariate data and their statistical inference, the following concept of fuzzy vectors is necessary:

Definition 2.3 A fuzzy subset x* of the Euclidean space R is called n-dimensional fuzzy vector if the
membership function &(-) of X* fulfils the following:

(1) supp[&(*)] is a bounded set, i.e. it is contained in an n-dimensional interval Xi—, [a;, b;] of finite
volume.

(2) G4[C(-)] is non-empty for all 5€(0,1], and it is a finite union of simply connected and closed subsets of
R".

Remark 2.5 A vector (x1, ..., X,,) of fuzzy numbers is not a fuzzy vector. In this case, it is necessary to
combine the fuzzy numbers x7, ..., X, to obtain a fuzzy element (%, ..., x,,)" of the sample space M} € R"
and, then, the following holds:

Lemma 2.3 Let x4, ..., x be fuzzy numbers with corresponding characterizing functions &,(-),...,&(-)-

Then the function £(....,"), defined by {(xy, -.., %) = min{E (xq), ., ()] V(xq, - x)e R,
is the vector-characterizing function of an n-dimensional fuzzy vector (x4, ..., x,,)".

Proof: By the validity of C, ¢(:,...,")] = Xiz4 C5[&, ()], the -cut CJ ¢, )| = @ V& e (01].
Moreover, this d-cut is a finite union of Cartesian products of compact intervals and the supp[C(-,...,")] is
contained in X:’zlsupp[f . [-]], as a result, the proof is concluded. Finally, if all 5-cuts of an n-dimensional fuzzy

vector are simply connected, then the fuzzy vector is called n-dimensional fuzzy interval.
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Prior information in Bayesian inference is usually assumed in form of probability distributions on the
parameter space © of stochastic models X ~ f(-|8); #e ©. In case of fuzzy data, it turns out that a more general
concept of probability is necessary. This leads to so-called fuzzy probability densities.

Definition 2.4 Let (M, B, ) be a measure space and f “: M — F; (IR,.) be a function which assigns to

x e M a fuzzy interval f'(x) for all xeM, such that the so-called 3-level functions f(-) and f5 (), defined by
Cil ()] = [f5 (x), f5 (x)] ¥V xeM, v8<(0,1], are integrable functions, and there exists some classical
probability density g: M — R, obeying fi(x) < g(x) < fi(x) V x e M, then f* is called fuzzy probability
density.

Based on fuzzy probability densities, a generalized concept of probability for event B in B can be defined,
i.e. these generalized probabilities are fuzzy intervals P'(B), whose generating families are defined in the following
way:

Definition 2.5 Based on a fuzzy probability density f*, for <(0,1], the system of classical probability
densities g obeying f5(x) < g(x) < f5(x) V x e Mis denoted by D;. Then for an event B, the fuzzy probability

P'(B) has generating family of intervals, ([as, bs]; 5<(0,1]), given by

a; = inf{fB g di:ge Dyand b, = sup{_rB g dige D).

The characterizing function of the fuzzy interval P'(B) is given by the construction Lemma 2.2.
Remark 2.6 Fuzzy probability densities are basic for Bayesian inference with fuzzy data (Viertl and
Sunanta 2013).

Let (M, B, u) be a measure space and f~ a fuzzy valued function, where all values f(x) are fuzzy
intervals, and all 8-level functions be p-integrable with finite integral. Then, it is possible to integrate f* and this
integral is a fuzzy interval, defined in the following way:

Definition 2.6 The fuzzy valued integral J* = _ILI f*duis the fuzzy interval, which has generating family
(As 8€(0,1]) where A; = [J5, J5], given by J5 = _rw fsdu and J; = .rw fsdu. The characterizing function
7(-) of ] " is given by 77(x) = sup{3.1;; 71(x): 8€[0,1]} Vx e R.

Remark 2.7 The integration of fuzzy valued functions is basic for the generalization of predictive
distributions in Bayesian inference.

Samples of continuous stochastic quantities X consist of a finite sequence of fuzzy numbers. In order to
generalize statistical methods for fuzzy data, functions of data are important. Let M be the observation space of
X, i.e. the set of possible values for X. Then the sample space for standard samples is the Cartesian product of n
copies of the observation space My, i.e. the sample space is M. Classical statistical functions are mappings
from the sample space to some measurable space (IV, A). For a classical statistical function f: M — N in
case of fuzzy sample x, ..., X, the generalized value f(x3, ..., ;) has to be defined in a reasonable way.
This is possible by application of the so-called extension principle (see also Zadeh 1975) from the theory of fuzzy
sets.

Definition 3.1 (Extension principle) Let f: M — N be any function, and x* a fuzzy subset of M with
membership function &(-). Then, the generalized value f(x") is the fuzzy subset of N whose membership
function 1(-) is defined in the following way:

(sup{f(x):x € M, f(x) =y} if3xeM: f(x)=1y
77(}/)-{ 0 ifAxe M: f(x) =y

Remark 3.1 For N = &, 17() need not be a characterizing function. However, for continuous functions f,

the following theorem holds:

} YvEN
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Theorem 3.1 Let f: R™ — IR be a continuous function and x* be an n-dimensional fuzzy vector. Then,
the generalized value f(x ™), obtained by application of the extension principle, is a fuzzy number. A detailed
proof can be found in (Viertl 2011).

Remark 3.2 In order to apply the extension principle to functions of fuzzy samples, first, the vector of fuzzy
data has to be combined into a fuzzy vector. This is done by the application of Lemma 2.3, i.e. the fuzzy sample
with corresponding characterizing function £, (), ..., £ _(-) is combined into a fuzzy vector x' whose vector-

characterizing function (-,...,*) has values
G s s X)) = min{il(xlj, - (xn]} V(xyq,...,%,)e R".

Based on this combined fuzzy sample X', statistical functions &: M3z — N can be generalized by
application of the extension principle. The fuzzy value & (x5, ..., x. ) is defined by & (x*), i.e. the membership
function 77(-) of & (x5, ..., x5 ) is given by its values

( sup{l(x):x € Mz, S(x) =y} ifIxeM:§(x)=1y
(y)_{ 0 ifAxe M:§(x) =y

it

Example 3.1 For the sample mean X = &(xy, ..., x,,) =i i=1 X; in case of n fuzzy numbers

} Yv & N.

x5, s Xy, the fuzzy value x° = §(x;,...,x>) is also a fuzzy number by Theorem 3.1. Moreover, the
generalized sample dispersion s* is a fuzzy number. In figure 3.1, the characterizing functions of a fuzzy sample
are depicted. In figure 3.2, the characterizing function of the corresponding fuzzy sample mean is given, along
with the characterizing function of the fuzzy sample dispersion in figure 3.3 respectively.
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For fuzzy data, descriptive statistics has to be generalized. Mean values and empirical variances of fuzzy
data are already introduced in Example 3.1.

For fuzzy data xi....%x, with characterizing functions £ (-),..,& () and &-cuts CJ&()] =
U
the functions max{xy, ..., x,,.} and min{x,, ..., x,.} to the fuzzy combined sample X’ (see also remark 3.2).

Definition 4.1 Let x1, ..., x,, be n fuzzy numbers of the observation space M_.Z IR with corresponding
characterizing functions &(-),...,&,(-). To obtain a fuzzy vector x, the fuzzy numbers x3, ..., x,, have to be
combined. Through construction of an n-dimensional vector-characterizing function ¢(-,...,") via a triangular
norm (t-norm T), the combined fuzzy sample X* forms a fuzzy element (x4, ..., x,,)" of the sample space M.,

i

[@;5.5: b; 5,5] the fuzzy numbers Xa. and x . . are defined by application of the extension principle for

t—norm T
ie.xf = (-),i =1(1)n = combined fuzzy sample X" and vector-characterizing function ¢(-,...,")

where §(x 4, v, %) i= Ty[E, (X4),.0, & (Xn)] V(Xgs s %) € R" and the combination T,,, which is the n-

1

dimensional extension of the t-norm T by its associativity, ie.
Ty s ¥) = T (00, T (ot TG 1. ¥) ) V(¥ ) € [01]7

For statistical and algebraic calculations with fuzzy data, the minimum t-norm T is optimal (Viertl 2011),
8. E( s s ) =T (8, (20), s & (1)) = minfE, (xy), .., & (x,)) V(g s Xp)e R,

Lemma 4.1 A fuzzy vector X" is obtained via minimum t-norm when the individual values of the variables x

are fuzzy numbers x;. Through the minimum-t-norm, the combination of n fuzzy numbers with characterizing
functions £(-), i = 1(1)n, a fuzzy vector X" = (x4, ..., x,,)'is obtained. In this case, the following holds:

CLC(r = XKme Ga[E,(D] VB e(01]

In words, the 8-cuts of the fuzzy vector X* = (x4, ..., x,,)" are the Cartesian products of the 5-cuts of the
fuzzy numbers x;, i =1(1) n.
Proof: CC(rn)] = {xeR™¢x) 28§}
{x:min {(xy),..., §,(x,)} 2 8}
= {x=(xpxp): 5x) = 8 wi=1(1)n}
= X?zlca[f.g['j]
The concepts of combined fuzzy samples and triangular norms are useful for succinct multivariate
statistical analysis of fuzzy data.
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For a given partition of the observation space and fuzzy data in some cases, it is not possible to decide to
which class a fuzzy observation belongs. This makes it necessary to generalize the concept of histograms. A first
step is to construct lower and upper values of the frequencies h,, (K}-] of class K, j = 1(1)k.

Let x3, ..., x,, be fuzzy data with corresponding characterizing functions &,(-),....E (). Then, based on

supp[&(-)], the lower value k. (K;) is determined by
{#xsuppl£, ()] S K;}

&n (f{_:l) = -

And the upper value h,, (K;) is defined by
_ #x:sU NK;, =0
(k) = {#xssupp[2, (] b

T

where # indicates cardinality. Consequently, an interval valued histogram is obtained, whose frequencies
are the intervals h,, (K;) = [ﬁn [K}), h,, (K}-j] forj=1(1)k.

Remark 4.1 For two disjoint classes K; and K, the lower values of the frequencies are super-additive,
ie. En (K}"""K!) = Erz [fi}) + En (fi'::],
h’n [K}-\_JK:) = hn [K_;') + h’n (K:j'

This is, in fact, easily seen for h,, (-} by

#xsupp[E, ()] < [K; v fﬂ] = #xi:supp[e, ()] K, + #x:supp[e, (D] K,

andforh (-) by
#xisupp[2. ()] N [K U K] = 0 < #x7:supp[e, ()]0 K, = 0+ #x:supp[2. ()] n K,

+ 0.
In Figure 4.1, an example of an interval-valued histogram is depicted.

Vi =1(1)k,

while  the upper values are sub-additive, ie.

R (K5 ) o (55D
'y

Remark 4.2 Similar to the conditions for classical relative frequencies, whose abstraction leads to the
axioms of probability distributions, the conditions of interval-valued frequencies are abstracted as axioms for so-
called interval probabilities.

A more informative generalization of histograms is obtained when the considerations above are made for

each &-level. Then the results are fuzzy numbers h;, (K} as fuzzy frequencies. The construction is the following:
For each 8(0,1], the generating family of intervals for the characterizing function of the fuzzy frequency

h’:(ﬁ.j is A_:I'E = [ n EEK')’EH,S [K})]’ where En,é’ [K}) = E#IE:CE[?:I:-}] ;Kj}
e “[ ) #:l:‘ Cﬁ-[_ll ::I]I'"IK Ef'}
.

and

By application of the construction lemma 2.2, the characterizing function of %, () is obtained.
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Remark 4.3 The characterizing functions of fuzzy relative frequencies are step functions. Moreover, fuzzy
histograms are examples of fuzzy valued functions:

fi(x) :== h: [K}) Vx € K;

Similar to the interval-valued relative frequencies, i.e. for the generating values k., 5 [K}) and EM; [K}}
the following holds: For K; N K; = @,

by (K U Ky) = by s () + By ()

B s (K; U Ky) < by s () + B s ()

Figure 4.2 displayed the axonometric picture of a fuzzy histogram (Viertl 2011).

Figure 4.2. Fuzzy Histogram

4.3 Empirical distribution functions for fuzzy data

In order to generalize the empirical distribution function Fn (-) to the situation of fuzzy data x4, ....x,,
with characterizing functions £, (-), ..., £ _(-), the following construction, using 3-cuts is useful which yields a

fuzzy valued function £ (+): Forfixed x € Rand § € (0,1], we define

Fs y(x) := #x:C[E,()] N (o, x] # 0

T
N #xBC[E (] c(—ox
o o PG OISCRA
T

The  generating  system  of intervals  for the  fuzzy value  E;(x) s
Az (x) = [Fs5,(x),F54(x)], 6 € (0,1]. The characterizing function of E; () is obtained through lemma
2.2.

For variable x € I, two functions Fj () and ﬁs,u('] are obtained, which in turn determine the £, (*)
for variable 5. Based on F,; (-}, empirical fractiles for the fuzzy empirical distribution can be defined.

CS (ﬁ;{x))

Figure 4.3. 3-Cut of Fy ()
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For p € (0,1), the lower and upper &-level curves Fs ; (-) and F5 () are used to define the generating
family of intervals (45 & € (0,1)) for the fuzzy interval g, which is the empirical fractile of Ex():

As == [Fs5(p).F5 ()] vde(01)

where Fs ;(p) and F5 ' (p) are defined by

Fsi(p) == min{x € R: F5 ;,(x) = p} and F5(p) := max{x € R: F;,(x) = p}.

The characterizing function of the fuzzy fractile q; is obtained from the construction lemma 2.2. An
example for the definition of Az is given in Figure 3.4.

CIS (ﬁ'ﬂ'(x))

ptiommsccansaasas
1776/17% — ”
0

-1 s |
Fu(p) F,(p)

Ag for gy,

In case of fuzzy 2-dimensional data given as 2-dimensional fuzzy vector (x;, ;)% i = 1(1)n with vector-
characterizing functions C(-,"), the classical correlation coefficient can be generalized by application of the

extension principle (Definition 3.1). First, the fuzzy vectors have to be combined into a fuzzy vector in the sample
space R*" by application of the minimum-t-norm, i.e. the vector-characterizing function £(-,...,") of the fuzzy
combined sample is given by its values

(0 V1, v, Xy V) 3= mun{C (3, 7. ):0 = 110} V(%0 ¥y, ..., X V) € RP™,
Now the extension principle is applied to the function
2 =) - )
V2 — )22, (v — 7)?

and the characterizing function 4.« (-) of the generalized (fuzzy) empirical correlation coefficient »* is
given by its values

9, =

Remark 4.4 The support of 1.« (-) is a subset of the interval [-1,1].
In figure 4.5, a fuzzy sample and the corresponding generalized empirical correlation coefficient +* is
given.

GV e Xy V) =

sup{l(xy, ¥y, e s 2, V) fOr g2y, ¥y, oo s %, V) = ’r}}
) Vre R.
0 for3 [xir}rir rxnr}rnj-g(xir}rir e Xy V) =T
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Remark 4.5 The definition of r* allows different types of data. These data can be in form of fuzzy
components x; and y; .

In objectivist statistics, it is assumed that a true underlying distribution exists which has to be estimated or
tested. For parametric stochastic model X ~f (- |8), & € ©, the existence of a true value &, of the parameter
is assured, as a result, this &, has to be estimated as good as possible.

This is the generalization of so-called point estimators from standard statistics. For a stochastic quantity X
with observation space Mx a certain characteristic value should be an element of N, where (N, @) is a
measurable space. Let T: Mz — N be a standard point estimator, which is a measurable function from the
sample space M to the space of possible values of the characteristic value. This estimator is generalized by
application of the extension principle in the following way:

Let 21, ey Xy with x7 = £, () be a fuzzy sample; first the vector-characterizing function £(-,...,") of the

combined fuzzy sample X" is determined by its values
C( X gsmes X)) = miﬂ{"i_l[xlj,...,"i_n(xn]} V(Xqs s X,) e R
Then, the membership function of the fuzzy estimate z(xy. ..., x,,) is given by
el E . -
- {0 (minfe, (), &, )]+ 2y ,) ) veew
0 ifA(xy,...x, ) ER 1(xy,....,x, ) =5
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Remark 5.1 If the parameter 8, of a parametric stochastic model X ~f (- |&) has to be estimated, a
generalized estimator ¥ (x, ..., %, ) is a fuzzy element of the parameter space =.
Example 5.1 Let X be a stochastic quantity whose expectation E(X) exits. Then, for the fuzzy sample

given in Figure 5.1, the fuzzy estimate for this sample is the generalization of the standard estimator

X= i "_, X.. The characterizing function of the fuzzy estimate x~ = %E?:le‘ is depicted in Figure 5.2.

&%)
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00 02 04 06 08 10
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For a given parametric stochastic model X~f,, & € @ and a standard confidence function
i: My — P(3), where P(2)) denotes the power set of the parameter space ©, in case of fuzzy sample
x4, -5 %, the concept of confidence set has to be generalized. This is possible in the following way:

Based on the combined fuzzy sample X*, with vector-characterizing function &(-,...,-), the membership
function () of the generalized (fuzzy) confidence set & _, is defined by

sup{l(x): # € k(x)} ifIx € M}: 6 € k(x) }
= HH = = oy

(6) { 0 if Ax € M%: 6 € k(x) O, where x = (xy, - Xy)
E M3,

For the membership function (), the following holds true:

e @) S @(6)  WOEO,

which can be proven by observing sup {Z(x): & € k(x)}. Assuming 8 € Uy~ (=1 K(x), then

IEMEPER(x)=Lx)=1= @(f) =sup{l(x):FEK(x)}=1

= QJ[E:] =1= (jﬂ[:g:] = [Ux;vnj}g.:._?c':x}[:g:]
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Classical test statistics T = t(x,...,x,) based on standard samples x;, ..., X, are measurable
functions from the sample space M3 to a suitable measurable space (V. @) which is partitioned into an
acceptance region A and its complement N\A, i.e. the rejection region.

For fuzzy samples x7, ..., x,, the value t* = t(x7,...,x,) becomes fuzzy, and therefore it can be
ambiguous to which region the value t* belongs. Therefore, statistical tests have to be adapted accordingly.

A first solution would be to take observations until the support of t* is a subset of A or Ac. Another method
is to determine a p-value based on the fuzzy value t*, where this p-value is defined as the probability of an error
of the first type (rejecting a true hypothesis) for which the support of t* is only contained in the rejection region Ac
of the corresponding classical standard test.

Remark 5.2 For fuzzy samples, a more natural approach is the generalization of p-values in form of fuzzy
numbers, as explained here:

Let 7(*) be the characterizing function of the fuzzy value t* of the generalized test statistic
t(xy, ..., x;). Considering the 8-cuts of t*, C,[t*] = [t,(8),t,(8)] V& € (0,1], the fuzzy p-value p* for a
given standard test is defined in the following way:

For one-sided tests with test statistic T and decision rule “rejection for T < t,iica’, the generating family of
intervals for the fuzzy p-value p’ is defined by

A= [Pr{T < t,(O}LPr{T < t,(5)}]  Vée (01].

For one-sided tests with decision rule “rejection for T > tuicar’, the generating family (Az: & € (0,1]) for
p’ is defined by

A= [Pr{T = t,(8)},Pr{T =t,(5)]] vé € (0,1].

In case of two-sided tests, i.e. acceptance for t; = T = t_, and fuzzy value t* of the test statistic T',
first, it has to be decided on which side, of the median m of the distribution of T, the main part of fuzziness of t*
is located. Therefore, the areas under the characterizing function 77(-) of t* have to be computed, which are on
both sides of the median m. Denoting these areas by Fi and F. respectively, the generating family
(45 & € (0,1]) for the fuzzy p-value p’ are defined by

_ ([2PriT < £,(8)}min{1, Pr{T < t,(ON] ifE, > F,
- {[EF‘T{T = t,(8)}, min{1, Pr{T = t,(8)}}] i F, <F,

5 } v6 € (0,1].
The &-cuts of p* are denoted by [p(8).p,(8)], and can be interpreted in terms of generalized

probabilities, and can be compared with the significance level o of the test. The decision is made according to a
three-decision testing problem:

If forall § € (0,1] and p, () = p,(85),

P, (8) < a:reject 7, and accept

p4(8) = a: accept 7, and reject ¢,

@ € [p,(8),p,(8)]: both 3£, and 7, are neither accepted nor rejected.

In the third case, the uncertainty of making a decision is expressed by the characterizing function &(-) of p".

The case that t; (8) = t, () for all § € (0,1] implies (&) = p,(&), i.e. we have a two-decision
problem similar to tests based on precise data (Filzmoser 2004).

Example 5.2 Let the test statistic T have a standard normal distribution with density f(-) and the
characterizing function 77(-) of £*(0.2,0.7,1.2) is of symmetric triangular shape as shown in Figure 4.3a. The
following one-sided statistical hypotheses are to be tested at the significance level o = 0.05,

Hy 0 <Gvs. 3,00 > ¢,; Ois an unknown parameter and ¢, = 0 in this example, i.e. 7 & <0 vs.
H .. 0 >0. The 5-cuts of the fuzzy p-value p’ as defined above are to be determined for decision.

In Figure 4.3a, the &-cut of t*, Ct"] = [ty(8),t,(8)], for 5 = 05 is derived as
[t,(0.5),t,(0.5)] = [0.45,0.95] accordingly. The p-values corresponding to t;(0.5) and t,(0.5) are
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0.33 and 0.17 respectively as shown in shaded areas in Figure 4.3a and the construction of their characterizing

function in Figure 4.3b. Finally, the resulting fuzzy p-value is compared to the significance level o = 0.05 and

conclude that is not rejected.
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Bayesian inference uses a-priori information of specific parameters in stochastic models. In other words,
Bayes’ theorem formulates the transition from the a-priori distribution (&) of the stochastic quantity, describing
parameters of interest, to the so-called a-posteriori distribution 7(#| D) based on data D. In case of continuous
stochastic models X ~ f(|8); 6@, based on observations x4, ..., x,, of X, the transition from an a-priori
density to an updated information with the distribution of the stochastic quantity describing the parameter 6 is
given by the conditional density (- | x4, ..., x,,) of &, i.e. Bayes’ theorem

'ﬂ_’(&l_‘xl’ .”’xn:] — _‘TI:E:'-:I:E:I:_.:--UIn} or T-I!-(Elxlr .”’xnj o TI(H] . i(e: xlr e s xn:] ‘v"ﬁ [ e’
Jg m(8)-108; x40 xp )8

where [(5; x4, ..., x,,) is the likelihood function defined on the parameter space ©.

In standard Bayesian inference, it is assumed here that (&) is a standard (classical) probability density,
and the data are given as numbers or vectors.

For a more realistic Bayesian statistical inference, the inevitable uncertainties (including fuzziness) have to
be addressed, i.e. the fuzziness of continuous quantities and of the a-priori knowledge, however. As explained in
Section 2, this fuzziness can be defined in form of fuzzy numbers or vectors and modelled by the so-called fuzzy

probability densities, respectively. Finally, Bayes’ theorem can be generalized to handle the situation of fuzzy a-
priori density and fuzzy data.

Based on fuzzy probability densities (Section 2.2), generalized fuzzy probabilities of events Ae A, P(A)
are fuzzy intervals. The characterizing function &(-) of P(A) is given by the generation lemma (Viertl 2011), i.e.
E(y) = sup{d.1 les.b3(X): 0€(0,1]} for all ye R, where I 5(-) denotes the indicator function of the set B, and
[a.b] =R.

Definition 6.1: A fuzzy a-priori density on the parameter space © is a fuzzy density defined on ©.

&

The likelihood function I(#; x4, ..., x,,) in Bayes' theorem can be generalized for fuzzy data x7, ..., x,,
through the extension principle and based on the combined fuzzy sample X" and its vector-characterizing function
&(-,...,"). The characterizing function () of the fuzzy value I (8: X"} is, then, given by its values as

Clx):xeMEALG:X)=v if Ix:1(8:x) =v

Doy ={Sup{_(3 eM;ALOX) =y} 1 (8:%) }} vy ER

L 0 ifAxe My:1(8;x) =y
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Based on the generalized likelihood function, Bayes’ theorem is generalized for fuzzy a-priori densities
0'(+) on the parameter space © and fuzzy data.

The following description of Bayes’ theorem is generalized for the continuous case. However, for discrete
variables, Bayes’ formula can also be generalized similarly (Sunanta 2016). Let X ~ f(-|0); 6e© be a
continuous stochastic model with continuous parameter space © < Rk, and [(-) a fuzzy a-priori density on the
parameter space ©. The sequential updating from standard Bayes’ theorem is generalized as following:

Given a fuzzy a-priori density '(-) and fuzzy sample x1, ..., x;, the generalized a-posteriori density (-
| x4, ..., 2, ) is then calculated, from which the result is the same as if the sample were separated in two parts
Xlsee, X and X, a4, -, X, €. the a-posteriori density of the first partition (- | x1. ..., %X, ) is obtained.
Then, this a-posteriori density is taken as new a-priori density, based on which the a-posteriori density
(- | Xpaqs o s Xy ) i finally calculated.

The generalized fuzzy Bayes' theorem is based on -level functions of the fuzzy a-priori density and of the
generalized likelihood function, as well as the vector-characterizing function of the combined fuzzy sample x*.

Using the above notation, the S-level functions of the fuzzy a-posteriori density 1'(- | %1, ..., X, ), with
combined fuzzy sample X*, obtained by minimum-combination rule, are defined in the following way:

Ty(O) = —— T

.rE: ;l’ir.j'._g}-iﬁl__gix :'-l- Rﬂl‘g}':ﬁ',_gix ::']I'l'ﬂ
and IS
Eﬁ(ﬁll*] = Eu'mg:"iﬁlﬁ i

[ Slmy 801508 30+ 7, (8) 1508 x)] a8

The averaging in the integral is necessary to keep the sequential updating condition (Viertl 2011).

In Bayesian inference, Lhe predictive density based on the a-posteriori density w(-|L?) is defined to be the
marginal density of X from (X,&) denoted by p(|2), whose values are given by

p(x|D) = fe flx|8)m(BID)dE Vvx € M,.

The generalization for fuzzy a-posteriori densities 1'(+| X* ) is obtained through a construction similar to
the calculation of probabilities based on fuzzy densities (section 2.2).

Defining a continuous stochastic model X ~ f(-|@); < © and the fuzzy a-posteriori density (-] X ), the
generalized integral fe flx|8)m* (8| x* )df Vx € My is a fuzzy interval p'(x|X") whose characterizing
function is generated by the following family (A;; 5<(0,1]) of intervals A.:

For all 5&(0,1], let (- |x*) and (- |X*) be the 3-level functions of the fuzzy a-posteriori density
m'(> [x*), and D the set of all classical probability densities g(-) on ©, where 1 (8]x*) < g(0) < 5 (8 [x")
S

The interval A; = [c;, d;], 5(0,1] is defined by

Cs = inf{fe g(8)dé&:. ge D} and d;:= sup{_]"e g(8)d&. ge D }. The system of intervals [c;, d;],
8¢(0,1], is nested by the validity of &, << §,=> Dy o D4 .

The characterizing function of p*(x| X*) is given by the generation lemma from Section 6.1, i.e.

Wy () = sup {8165, 451(y): 5€[0,1]} VyeR, where [¢), dy] :==R.

The fuzzy predictive density is, then, the family of p'(x|X), x € M.

44



Stochastic processes are families of stochastic quantities X, t € T where T is an appropriate index set,
frequently T is a time interval, i.e. T < R. The occurring of uncertainty can be modelled using the theory of fuzzy
random processes, which is derived from the theory of fuzzy random functions (Méller 2009). By the imprecision
of data from continuous quantities, the observations (trajectories) of the process are fuzzy. Therefore, the sample
paths are fuzzy valued functions. For the so-called fuzzy stochastic process X;.t € T different mathematical
models exist, i.e. X; can be modelled as fuzzy random variables.

A special case would be time series, in which case the uncertainty of the individual observed value is
modeled as a fuzzy variable X, m = 1(1)N. A time series of fuzzy data may be viewed as a random
realization of a fuzzy stochastic process, of which the generalized model is necessary for further forecasting
(Méller and Reuter 2007). However, for fuzzy stochastic processes with continuous time, many challenging
research topics are still open, e.g. the first hitting times, predictions, an analogue of convergence theorems.

For observations and measurements of continuous quantities, fuzziness is unavoidable. Therefore,
suitable mathematical models are necessary to describe real data. This is possible and many research topics
related to this are still waiting to be solved. The fuzziness of individual measurement results can be described by
so-called fuzzy numbers, whereas the variability and errors are described by stochastic models.

In this contribution, some generalized statistical methods for fuzzy data, i.e. descriptive statistics, statistical
inference, and Bayesian inference are described. Descriptive statistics provide simple summaries of the collected
samples and measures (data). They form the basis of virtually every quantitative analysis of the data. Through
concepts of fuzzy numbers and characterising functions, fuzzy data are summarised and represented in form of
fuzzy histograms. Some other statistics, such as fuzzy empirical distribution functions and correlation coefficients,
are also useful for preliminary data analysis. For realistic projection of the behaviours of the variables under
analysis, models for prediction based on fuzzy information, through Bayesian inference and fuzzy predictive
density, are introduced.

Fuzziness is everywhere in the physical world, including in economics arena. In order to describe different
facets of reality, the analysis methods have to capture this type of uncertainty. The related methods are available
through mathematical models for fuzzy data. Accordingly, application of such methods results in more realistic
models for data analysis and, subsequently, better understanding of the collected data for further use of such
information.
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