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Many economists today are concerned by the proliferation of journals and the concomitant
labyrinth of research to be conquered in order to reach the specific information they require. To combat
this tendency, Theoretical and Practical Research in Economic Fields has been conceived and
designed outside the realm of the traditional economics journal. It consists of concise communications
that provide a means of rapid and efficient dissemination of new results, models and methods in all
fields of economic research.

Theoretical and Practical Research in Economic Fields publishes original articles in all
branches of economics — theoretical and empirical, abstract and applied, providing wide-ranging
coverage across the subject area.

Journal promotes research that aim at the unification of the theoretical-quantitative and the
empirical-quantitative approach to economic problems and that are penetrated by constructive and
rigorous thinking. It explores a unique range of topics from the frontier of theoretical developments in
many new and important areas, to research on current and applied economic problems, to
methodologically innovative, theoretical and applied studies in economics. The interaction between
empirical work and economic policy is an important feature of the journal.

Theoretical and Practical Research in Economic Fields, starting with its first issue, it is
indexed in EconLit, RePEC, EBSCO, ProQuest, Cabell Directories and CEEOL databases.

The primary aim of the Journal has been and remains the provision of a forum for the
dissemination of a variety of international issues, empirical research and other matters of interest to
researchers and practitioners in a diversity of subject areas linked to the broad theme of economic
sciences.

All the papers will be first considered by the Editors for general relevance, originality and
significance. If accepted for review, papers will then be subject to double blind peer review.

Invited manuscripts will be due till May 15, 2017, and shall go through the usual, albeit
somewhat expedited, refereeing process.

Deadline for submission of proposals: 15 May, 2017

Expected publication date: June, 2017
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This paper examines whether Bertrand equilibrium in a differentiated duopoly can be duplicated with Cournot
competition or not. We show that the degree of product differentiation plays an important role in the duality
between those equilibria. Our main claims are two. One is that there exists a unique duality condition that
satisfies the equivalence between Bertrand and Cournot equilibrium irrespectively of market structures. The other
is that the number of firms of Cournot competition that satisfies Bertrand equilibrium increases with the degree of
product differentiation.

Bertrand equilibrium, Cournot equilibrium, product differentiation, equivalence
D21, D43, L13

It is well known, from the viewpoint of social welfare, that price competition is more efficient than quantity
competition. Suppose a duopoly situation where firms produce a homogeneous product and marginal costs are
constant and equal for both firms. In a price competition, the price equals the marginal cost, while, in a quantity
competition, the price is above it. Even though both products are differentiated, the results are the same: the
equilibrium price under Cournot competition is higher than it under Bertrand competition except a perfect
differentiation.
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Since Dixit (1979) has first proposed a differentiated duopoly, many studies have been produced an array
of extensions and generalization of Singh and Vives (1984)". The literature on the relationship between Cournot
and Bertrand competition has been concerned with two main issues. One stream focuses on the comparison
between Bertrand and Cournot competition in both a horizontal and a vertical market. The other is to analyze it in
a mixed oligopoly.

Even though many studies have focused on the comparison between competition modes, the duality
between Cournot and Bertrand competition has received little attention. So, we consider whether Bertrand
equilibrium can be duplicated by Cournot competition in a horizontal (or vertical) oligopoly or not. We show that
the degree of product differentiation plays an important role in the duality between those models in a
differentiated duopoly. Our main conclusions are two. First, we find a unique duality condition that satisfies the
equivalence between Bertrand and Cournot equilibrium irrespectively of market structures. Second, the number
of firms, in Cournot competition, that satisfies Bertrand equilibrium increases with the degree of product
differentiation.

The paper is organized as follows. In section 2, we set up the model. Section 3 analyzes whether Bertrand
equilibrium can be duplicated with Cournot competition in a horizontal market. Section 4 examines it in a vertical
structure. Finally, we conclude the concluding remarks.

We consider an economy with a duopolistic sector, consisting of two firms produce a differentiated good.
Both firms operate under constant returns to scale. Each firm's unit cost of production equals ¢ exogenously. We
analyze whether Bertrand equilibrium can be duplicated with Cournot competition in a differentiated industry. The
demand structure of our model is adapted from Dixit (1979). A representative consumer maximizes
Ulgrg;) — $pigui,j = 1,2and i = j, where g; is the quantity, and p; is its price. U is assumed to be
quadratic  and  strictly  concave  U(g:q;) = alg; +q;) — (g7 + 2dg,q; +q7)/2,  where
d € [0,1],i,f = 1,2, and i = j. This utility function gives rise to a linear demand structure. The Inverse and
direct demands are as follows:

a(l —d) — p; + dp;
¢ 1}_;‘ p”;a‘,j:i,z,andzij, (1)

p; =a—gq;—dq; and gq; =

The parameter d of the demand function expresses the degree of product differentiation, ranging from
zero when goods are independent to one when the goods are perfect substitutes.

In this section, we analyze whether Bertrand equilibrium can be duplicated with Cournot competition in a
horizontal oligopolistic market. As a benchmark, we show that Bertrand equilibrium differs from Cournot
equilibrium. In Cournot competition both firms choose quantities, in Bertrand competition, prices. In both cases,
the equilibrium concept is non-cooperative Nash equilibrium. In Cournot competition, firm i chooses g; so as to
maximize its profit, taking as a given g, while, in Bertrand competition, it chooses p; so as to maximize its profit,

taking as a given p; as follows:

Mo = (a—c—q:—da;)a

max, = @i— O (a(i —d)—p;+ dpj).

1—d?

It is straightforward to compute Bertrand and Cournot equilibrium. We obtain the equilibrium quantities and
prices under Bertrand and Cournot competition, respectively, as follows:

1For a horizontal market, see Cheng (1985), Dastidar (1997), Qiu (1997), Hackner(2000), and Amir and Jin (2001), and for a
vertical market, Correa-Lopez (2007), Arya et al. (2008), Mukherjee et al. (2012), Alipranti et al. (2014), and Lee and Choi
(forthcoming).
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a—C

B _

T T32yd_a? (21)
(1-d)a—c)

B _ 2.2

P c+ > —4 ; (2.2)

c_a-c

=5 (2.3)

p€ =+ (24)
2+d '

where the superscript ‘B’ and ‘C’ denotes Bertrand and Cournot competition, respectively.

From Eq. (2.1), Eq. (2.2), Eq. (2.3), and Eq. (2.4), we obtain p —p® =d*(a—c)/(4—d?) =0
(and similary g%-q* = d*({a—c)/(4 +4d —d*— d?*) = 0, which are nonnegative. Quantities are lower
and prices are higher in Cournot than in Bertrand competition.

P
1

n.8

0.6
Cournot

n.4

0.2
Bertrand

0.2 0.4 0.6 0.8 1
a—c=1 c=10
From now on, we show that Bertrand equilibrium can be duplicated with Cournot competition. Consider an

economy in which two types of firm, T € {i, j}, producing a differentiated good at a constant marginal (=average)
cost c. Each type consists of n number of firms. The inverse demand is given by:

pl=a—Qk—dQLij=12i%j,K=1.,n (3)

where Q5 =g + -+ q;anin, = qi. + et qi.
Firm 1 in type i sets its quantity qlf so as to maximize its profit for given rival firms" outputs
(Qx—1=q5+ - +qland Q. =q] + -+ q}) as follows:

max = (pf—c)a; = (a—c— Qi —dQ)a;.
Differentiating the maximization problem with respect to q{, we obtain the reaction function as follows:

IE"IJIE’-IIE._ o i_ri Jj_ i_ﬂ 4
f_ﬂ' c QK QK Q1_ ' ()
dgqy
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On the other hand, firm 1 in type j sets its quantity qf so as to maximize its profit for given rival firms’
outputs (@} = g1 + -+ gi and Q) — 1 = g} + -+ g;,) as follows:

maxm = (p7 —c)q] = (a—c — Qf —dQi)q/.
L

Differentiating the maximization problem with respect to qf, we obtain the reaction function as follows:

i
E_ __J'_d:'_i_ﬂ 5

;=a—c—Qp—dQg—q; =0 ()
dq;

Summing Eq. (4) and Eq. (5) and solving them, we obtain the equilibrium quantity as follows:

N a—c
':?K_QK—(_]__l_d}n_l_iJ (61)
P i (a—cn
If'?*‘f_'fé*"f_(1+d}.r1+1' 6.2)

Comparing Eq. (2.1) and Eq. (2.3) to Eq. (6.2) and Eq. (3), we obtain the following result:

We summarized the results in Proposition 1.

Proposition 1. If the number of firms in each type is equivalent to 1/{1 —d?), Bertrand equilibrium can
be perfectly duplicated with Cournot competition.

By differentiating Eq. (7) with respect to d, we have the following result.

Lemma 1. The number of firms, in Cournot competition, that satisfies Bertrand equilibrium increases with
the degree of product differentiation.

We extend our model to vertical structures (monopolistic and bilateral duopoly). The timing of the games is
as follows. At stage one, each upstream firm sets its input price (w in @ monopolistic duopoly and (w;, w;) in a

bilateral duopoly). At stage two, each downstream firm sets the quantity.

As a benchmark, we first consider a monopolistic duopoly in which an upstream firm produces an input
and sells it at one price to two downstream firms. In Cournot competition, at stage two, downstream firm / sets its
quantity g; so as to maximize its profit for given rival's quantity g ; and input price w and in Bertrand competition,

downstream firm i sets its price p; so as to maximize its profit for a given rival's output price p; and input price w-.
Therefore, its maximization problems are as follows:

mqm:' =(p; —wlg; = '[ﬂ -—wW —q;— dt}'j:}%
L

all—d)—p; + dp}-)

%@*z{p*_wj( 1-d?

We obtain the equilibrium quantities and prices under Bertrand and Cournot competition, respectively, as
follows:
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a—w

B _
U= ra—a” &1
c_a—w
g1 = S+ d (8.3)
c_a+ (1+dw
B E— (8.4)

At stage one, the upstream firm sets the input price w so as to maximize its profit. Its maximization
problems under Cournot and Bertrand competition are, respectively, as follow:

2w —c)(a—w)
m“n_:xﬂ—('-’r c)gs + g2) = 2+d !

2w —cj{a—w)
maxll=(w—c)(a+a)=—5—— >

We obtain the equilibrium input prices, quantities, and prices under Bertrand and Cournot competition,
respectively, as follows:

+
wE = we="2 5 £ 9.1)
B _ a—C
% T2 +vd—a?y (9-2)
B _ (a—c)(3—2d)
£ _ a—cC
Tz v ay o4
(a—c)3+d)
S —— 21— -
L Yo Ry 99)
P
1
0.8 Cournot
06 \?
0 4 Bertrand
0.2
d

0.2 0.4 0.6 0.8 1
a—c=1 c=10
As a benchmark, we also consider a bilateral duopoly in which each upstream firm produces an input

and sells it to its own downstream firm. In Cournot competition, at stage two, downstream firm i sets its quantity
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g; so as to maximize its profit for given rival's quantity g; and input price wr;. On the other hand, in Bertrand
competition, downstream firm / sets its price p; so as to maximize its profit for given rival's output price p; and
input price wr;. Therefore, its maximization problems are, respectively, as follows:

THEMi = —widg;=(a—w;—gq; - dt&‘jl
L

a(l—d)—p; + d*pj-)

maxm; = (p; —wlg; = (p; — Wz'}( 1—42

Bi

We obtain the equilibrium price and quantity under Bertrand and Cournot competition, respectively, as
follows:

5 a2 —d—d?)— (2 —d¥w; + dw;

(10.1)

= 4—5d2+ad* ’

2—d—d?)+ 2w; +dw;
pﬁ*:a( }q Wi T oWy (10.2)
i 4—5d2+d*

2 —d) — 2w, + dw;
qf:“( 1 d";' i) (10.3)
o€ = a(2—d)+(2- ?z}wi + dwj. (10.4)
i 4—q?

At stage one, each upstream firm sets the input prices (w;, w;) so as to maximize its profit. Upstream firm
I's maximization problems are, respectively, as follow:

al2 —d) — 2w; + dw}-)

T”iﬁ_xﬂf =(w;—c)g; = (w;—¢) ( 4— g2

a(2—d —d?*) — (2 —d?w; +dw;
ﬂgﬁ_xﬂa—(we—c}(ql+q:}—(wi—c}( ST ,

Finally, we obtain the equilibrium input prices, quantities, and prices under Bertrand and Cournot
competition, respectively, as follows:

5_ 5y 27d—dN@—0 (11.1)

Wi =W S 4—d—24%
2 —d)(a—
u’fc=u3¢=c+—( 4}_(? C}J (11.2)
P ogfo—2TdN@zc) (113)
T T R rd—ana—d-249)

s 21-dB-dYa—o)
YR B
2{a—c)

‘?fzqu(md}m—d}’

(6—d*)(a—c)
A o) o

(11.4)

(11.5)

(11.6)
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1
0.8 Cournot
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0.4 Bertrand
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a—c=1 c=20

Next, we analyze the equivalence between Bertrand and Cournot equilibrium in vertical structures. We first
consider a monopolistic duopoly in which an upstream firm produces an input and sells it at one price to two types
of downstream firms, M & {i, j1, producing a differentiated good. Each type consists of n number of downstream
firms. The upstream firm has a constant marginal (=average) cost c. For simplicity, one unit of the final product
needs exactly one unit of the input and the cost of transforming the input into the final product is normalized to
zero. The timing of the games is as follows. At stage one, the upstream firm sets the input price. At stage two,
each downstream firm chooses the output.

At stage 2, under Eq. (3), downstream firm 1 in type i sets its quantity g; so as to maximize its profit for

given rival firms' quantities (Q%_, = g% + --- + g% and QL. = g +--- + g’) and input price w as follows:
KE-1 q2 n K Qj_ L

ﬂ;tgmi =(p'-w)qi = (a —w— QL —dql)ql.

Differentiating the maximization problem with respect to q{, we obtain the reaction function as follows:

At . , .
o a—w-QL—dQL—gi=0. (12)
a"-h

On the other hand, downstream firm 1 in type j sets its output qf S0 as to maximize its profit for given rival
firms' outputs (Q% = qi + - + q& and Q5_, = g3 + - + g;,) as follows:

maxn! = (o7 = w)a! = (a - w— 0} - d0L)al.
q

Differentiating the maximization with respect to qi", we obtain the reaction function as follows:

a‘ﬂjj ) i )
—L=a-w-Q}—dQk—qf =0. (13)
dq;

Summing (12) and Eq. (13) and solving them, we obtain the equilibrium quantities as follows:

a—w

i _ o F _

=g =~ =7 (14.1)
. - (a—wn

Qu=0Qx=——"o 7 (14.2)
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At stage one, the upstream firm sets the input price w so as to maximize its profit. Its maximization
problem is as follows:

(2—win )

max [T = w—-a(Qk+ Q) =2w -0 (m

Differentiating the maximization with respect to ws, we obtain the reaction function as follows:

all  2nila+c—2w
—_—= ( 3|=::|, (15)
dw n+dn+1

Solving (15), we obtain the equilibrium input price as follows:

a—+c

. (16.1)

W=

Substituting (16.1) into (14.1) and (14.2), we obtain the equilibrium quantity for each downstream firm and
for industry, respectively, as follows:

i a—C

9x = ti‘f;— = m: (16.2)
Qk=0%= %- (16.3)
Comparing (9.3) to (16.3), we obtain the following result:

n=rs (1)

Proposition 2. If the number of downstream firms of each type is equivalent to 1/(1 — d?), If the
number of firms in each type is equivalent to 1/(1 — &2, Bertrand equilibrium in a monopolistic duopoly can be
perfectly duplicated with Cournot competition.

Finally, we turn to a bilateral duopolistic market in which each upstream firm, I/ € {i, j}, produces an
input at a constant marginal (=average) cost c. Each upstream firm sells its input to its n number of downstream
firms.

At stage 2, under (3), downstream firm 1 of type i sets its quantity gi so as to maximize its profit for given

rival firms' quantities (Qf — 1 = g + - + g and Q}. = q] + ---+ q;) and input price w; as follows:

fr;w{' = (p*—wy)qi = (a— w; — @ — dQ})qi.

Differentiating the maximization problem with respect to q{, we obtain the reaction function as follows:

aﬁi_ W — 0L —dod —gi=0 18
- =a—w; — Q5 Qry—aq; =0 (18)
day

On the other hand, downstream firm 1 of type j sets its quantity qf so as to maximize its profit for given
rival firms' quantitiess (@ = g1 + -+ + gi and Q4_, = q3 + -~ + ;) and input price w; as follows:
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maxm] = (p/ — wy)a] = (a—w; — Q% — dQk)a].

Differentiating the maximization problem with respect to ‘?if’ we obtain the reaction function as follows:

;

O a—w;—Ql—dQi—q) =0 (19)
i ] K ¥4 =W

dq;

Summing (18) and (19) and solving them, we obtain the equilibrium quantities for each downstream firm
and for industry, respectively, as follows:

:‘ i (n(1—d) + Da —(n+ w; —dnw;
T =k = nf(1-dd)+2n+1 :
E. ; nn(l-d) +1a—(n+Dw; —dnw;
U=, = n2(1—dd)+2n+1

(20.1)

(20.2)

At stage one, the upstream firm i sets the input price w; so as to maximize its profit for a given rival firm's
input price w;. Its maximization problem is as follows:

n(n(l—d) + 1)a — (n + Dw; — dnw;
nf{1—-d3)+2n+1 '

maxll; = (w; — C}ng =(w; —¢) (
Differentiating the maximization with respect to w;, we obtain the reaction function as follows:

an; nla+c) —dna+dnw;
aw, 2(n+1) -

Solving (21), we obtain the following result:

(n+1)(a+c)— dna
Y T T O+ 1) —an 221)

Finally, we obtain the equilibrium quantities for each downstream firm and for industry, respectively, as
follows:

c i (n+1)(a—2c)
=%~ 2m+1) —dn)ntdn+ 1) (22.2)
S nn+1)(a—c)
ch_%_@m+ﬁ—mmwqu} (22.3)
Comparing (22.3) to (11.4), we obtain the following result:
-— )
"Ti-a?

Proposition 3. If the number of downstream firms in each type is equivalent to 1/(1 —d2), Bertrand
equilibrium in a bilateral duopoly can be perfectly duplicated with Cournot competition.
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This paper examines the relation between Bertrand equilibrium and Cournot equilibrium in a differentiated
oligopoly. We consider whether Bertrand equilibrium can be duplicated by Cournot competition in a (or vertical)
duopoly or not. We show that the degree of product differentiation plays an important role in the equivalence
between Bertrand and Cournot equilibria in differentiated duopoly. Our main conclusions are two. First, we find a
unique duality condition that satisfies the equivalence between Bertrand and Cournot equilibrium irrespectively of
market structures. Second, the number of firms, in Cournot competition, that satisfies Bertrand equilibrium
increases with the degree of product differentiation.

This research is supported by Japan Society for the Promotion of Science, Grant Numbers 15H03396,
15K03749, 26780262.
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