
Theoretical and Practical Research in Economic Fields 

2 

 

heoretical and Practical Research  
in Economic Fields 

Biannually 
Volume IV 

Issue 1(7) 

Summer 2013 

 

ISSN 2068 – 7710 

A
S

E
R

S
 

T 



 

3 

Volume IV Issue 1(7) Summer 2013 

 
 

Contents: 
 

 

 

 
 
 

 
1 The Consumption – Investment - Unemployment 

Relationship in Spain: an Analysis with Regional Data 
 

Roberto BANDE, Dolores RIVEIRO 
Group of Analysis and Modeling in Economics 
University of Santiago de Compostela, Spain 

 
 
 
 

…5 

 
2 

Comparative Studies on Cooperative Stochastic 
Differential Game and Dynamic Sequential Game of 
Economic Maturity 
 

Darong DAI, Jun YIN 
Department of Economics, Nanjing University, China 

 
 
 
 

…25 

 
3 

Social Contract, Public Choice and Fiscal 
Repercussions in the Athenian Democracy  
 

Nicholas KYRIAZIS, Emmanouil Marios L. ECONOMOU 
University of Thessaly, Department of Economic Studies, Greece 

 
 
 

…61 

 
4 

Money Flexibility and Optimal Consumption-Leisure 
Choice under Price Dispersion 

 

Sergey MALAKHOV 
Université Pierre-Mendès-France, Grenoble, France 

 
 
 

…77 

 

5 Are Large Innovative Firms more Efficient? 
 

Rosario SÁNCHEZ-PÉREZ M. Ángeles DÍAZ-MAYANS 
University of Valencia, Spain 

 
 

…89 

6 Bounded Rationality: Psychology, Economics and the 
Financial Crises 
 

Daniele SCHILIRÒ 
Department SEAM, University of Messina, Italy 

 
 

…97 

 

Summer 2013 
Volume IV 
Issue 1(7) 

 

 
Editor in Chief 

 

Laura UNGUREANU 
Association for Sustainable Education 
Research and Science, Romania 

 

Editor 
 

Ivan KITOV 
Russian Academy of Sciences, Russia 

Editorial Advisory Board  
 

Monal Abdel-Baki 
American University in Cairo, Egypt 

 

Madalina Constantinescu 

Association for Sustainable Education 
Research and Science, Romania 

 

Jean-Paul Gaertner  
Ecole de Management de Strasbourg, 
France 

 

Shankar Gargh  
Editor in Chief of Advanced in 
Management, India 

 

Piotr Misztal  

The Jan Kochanowski University in 
Kielce, Faculty of Management and 
Administration, Poland 

 

Russell Pittman 
International Technical Assistance 
Economic Analysis Group Antitrust 
Division, USA 

 

Rachel Price-Kreitz  
Ecole de Management de Strasbourg, 
France 

 

Rena Ravinder 
Politechnic of Namibia, Namibia 

 

Andy Ștefănescu  
University of Craiova, Romania 

 

Laura Ștefănescu  

Association for Sustainable Education 
Research and Science, Romania 

 

Hans-Jürgen Weißbach 
University of Applied Sciences - Frankfurt 
am Main, Germany 

 
 
ASERS Publishing 
http://www.asers.eu/asers-publishing 
ISSN 2068 – 7710 



Theoretical and Practical Research in Economic Fields 

4 

 
 
 
 

 

 

Many economists today are concerned by the proliferation of journals and the concomitant 
labyrinth of research to be conquered in order to reach the specific information they require. To combat 
this tendency, Theoretical and Practical Research in Economic Fields has been conceived and 
designed outside the realm of the traditional economics journal. It consists of concise communications 
that provide a means of rapid and efficient dissemination of new results, models and methods in all 
fields of economic research.  

Theoretical and Practical Research in Economic Fields publishes original articles in all 
branches of economics – theoretical and empirical, abstract and applied, providing wide-ranging 
coverage across the subject area.  

Journal promotes research that aim at the unification of the theoretical-quantitative and the 
empirical-quantitative approach to economic problems and that are penetrated by constructive and 
rigorous thinking. It explores a unique range of topics from the frontier of theoretical developments in 
many new and important areas, to research on current and applied economic problems, to 
methodologically innovative, theoretical and applied studies in economics. The interaction between 
empirical work and economic policy is an important feature of the journal. 

Theoretical and Practical Research in Economic Fields, starting with its first issue, it is 
indexed in EconLit, RePEC, IndexCopernicus, EBSCO, ProQuest, CEEOL databases. 

The primary aim of the Journal has been and remains the provision of a forum for the 
dissemination of a variety of international issues, empirical research and other matters of interest to 
researchers and practitioners in a diversity of subject areas linked to the broad theme of economic 
sciences. 

All the papers will be first considered by the Editors for general relevance, originality and 
significance. If accepted for review, papers will then be subject to double blind peer review.  

Invited manuscripts will be due till October 15th, 2013, and shall go through the usual, albeit 
somewhat expedited, refereeing process.  

 
Deadline for submission of proposals: 15 October 2013 
 
Expected publication date:  December 2013 
 
Website:      www.asers.eu/journals/tpref/ 
 
E-mail:     tpref@asers.eu  
 
To prepare your paper for submission, please see full author guidelines in the following file: 
TPREF_Full_Paper_Template.doc, then send it via email at tpref@asers.eu. 

 

Call for Papers 
Issue 2(8), Winter 2013 

 

Theoretical and Practical Research in Economic Fields 

http://journals.indexcopernicus.com/karta.php?action=masterlist&id=4403
http://www.ebsco.com/
http://www.ceeol.org/
http://www.asers.eu/journals/tpref/
mailto:tpref@asers.eu
http://www.asers.eu/asers_files/tpref/TPREF_Full_PaperTemplate.doc
mailto:tpref@asers.eu


 

25 

Volume IV Issue 1(7) Summer 2013 

COMPARATIVE STUDIES ON  
COOPERATIVE STOCHASTIC DIFFERENTIAL GAME AND DYNAMIC 

SEQUENTIAL GAME OF ECONOMIC MATURITY 
 

Darong DAI 
Department of Economics, Nanjing University, China 

daidarong998@163.com 
Jun YIN 

 Department of Economics, Nanjing University, China 
 

Abstract: 
In the paper, we are encouraged to investigate the effect of game structure imposed on the minimum-time 

needed to economic maturity in a dynamic macroeconomic model. Indeed, we have established a basic 
framework for the comparative study of the cooperative stochastic differential game and dynamic sequential 
game of economic maturity. Moreover, in a simple stochastic growth model, closed-form solution of the minimum-
time needed to economic maturity has been derived with the explicit condition, under which it is confirmed that 
cooperation between the representative household and the self-interested politician will definitely lead us to much 
faster economic maturity than that of sequential action, supplied, too. Finally, our model supports the 
comparative study of the minimum-time needed to economic maturity under different political-institution 
constraints. 

 
Keywords: economic maturity, minimum-time objective, political economy, sequential equilibrium, cooperative 

stochastic differential game. 

 
JEL Classification: C70, D72, O11. 

 
1. Introduction 

It is widely noted that institutional difference is one of the major differences between the 
developing economies and the developed economies. Usually, different institutional arrangements will 
form different incentive structures, induce different economic behaviors of the individuals, different fiscal 
policies of the government, and hence different speeds and levels of economic maturity. That is, 
different game structures lead to different institutional arrangements (e.g., North, 1990; Hurwicz, 1996; 
Williamson, 2000; Amable, 2003), hence producing different economic performances (see, North, 1994; 
Acemoglu et al., 2005a, 2005b). The major goal of the current exploration is to construct a basic 
framework to comparatively study the minimum-time needed to economic maturity under different game 
structures, i.e., dynamic sequential game and cooperative stochastic differential game. Indeed, we have 
derived closed-form solution of the minimum-time needed to economic maturity in a simple model of 
endogenous economic growth (e.g., Barro, 1990; Rebelo, 1991; Turnovsky, 2000; Aghion, 2004; Wälde, 
2011; Dai, 2012, 2013), where competitive assumption is employed for the firm, endogenous savings 
rate is determined by the representative household and the goal of the self-interested politician is to 
choose a tax policy such that the utility from tax revenue, which can be viewed as the rent, is 
maximized. Leong and Huang (2010) confirm that uncertainty will produce more realistic solution than 
that of the deterministic case (see, Kaitala and Pohjola, 1990). We also consider a stochastic 
environment as in Merton (1975), i.e., the source of uncertainty is the population size. In addition to that, 
the explicit condition, under which cooperation between the representative household and the self-
interested politician will lead to much faster economic maturity than that of sequential action, has been 
supplied for the first time. And in fact, the explicit condition is determined by the relevant model 
parameters, such as discount factor, technology parameter, depreciation factor, variance term, and the 
natural rate of population growth. 

The current investigation focuses on the issue of economic maturity for any underdeveloped 
economy. We argue that the state of economic maturity can be interpreted as a Golden Age (e.g., 
Phelps, 1961) or a turnpike (see, McKenzie, 1963a; Dai, 2012) of the economy and the formal definition 
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of the minimum-time needed to economic maturity has been stated using mathematical language. 
Indeed, we pay more attention to economic development rather than purely economic growth (see, 
Solow, 2003; Aghion, 2004; Dai, 2013). Moreover, it’s easy to notice that our paper is a natural 
extension of the seminal and interesting paper of Kurz (1965), where optimal paths of capital 
accumulation under the minimum-time objective are thoroughly investigated. It is, nevertheless, 
worthwhile emphasizing that the minimum-time needed to economic maturity is endogenously 
determined in our model. And this would be regarded as an advantage of the optimal stopping theory 
used here. 

Some seminal papers (see, Judd, 1985; Chamley, 1986; Phelan and Stacchetti, 2001, and 
among others) study dynamic optimal Ramsey taxation under the crucial assumption that taxes are set 
by benevolent governments. Nevertheless, in practice and also in line with the public choice theory 
(e.g., Buchanan and Tullock, 1962; Barro, 1973; Ferejohn, 1986), the politician’s preferences may 
diverge from those of his constituents and that he may pursue his self-interest. Indeed, some existing 
literatures study the dynamic taxation under the assumption that taxes are decided by a self-interested 
politician. For example, Acemoglu et al. (2008, 2010, 2011) consider the case where the self-interested 
politicians have the power to set taxes and meanwhile the citizens can discipline politicians using 
elections or other means.  

Moreover, Acemoglu et al. (2008, 2010, 2011) analyze the political economy distortions by 
supplying that the politician has the power to allocate some of the tax revenue to himself as rents or 
government consumption, and also a formal politician utility, which is usually different from that of the 
individual or citizen, is supplied. Yared (2010) characterizes optimal tax policies in the presence of rent-
seeking politicians whose utilities increase in rents, which are defined as excessive public spending with 
no social value, and also highlights how the incentives of rent-seeking politicians affect optimal policy 
prescriptions. As you can see below, we also suppose a self-interested politician in our model. And we 
further consider three types of self-interested politician, i.e., strongly self-interested politician, semi-
strongly self- interested politician, and weakly self-interested politician, in order to sufficiently reflect 
different political institutions in reality. That is, we have provided a general framework for the study of 
the economic effect of the minimum-time needed to economic maturity with respect to different political 
institutions. Noting that North (1994) has emphasized that political and economic institutions are the 
underlying determinants of economic performance, hence our model provides us with a useful 
framework in which we can explicitly explore in which way and to what extent political institutions affect 
economic performance in a specific growth model. 

Starting with time inconsistency being introduced by the seminal paper of Kydland and Prescott 
(1977), latter papers, such as Chari and Kehoe (1990, 1993), argue that fiscal-policy problems should 
be better studied as a dynamic game between the government and the households. For instance, in a 
repeated-game framework, Chari and Kehoe (1990) focus on sustainable plans characterized by 
symmetric perfect Bayesian equilibria. Similar to the sustainable equilibrium defined and analyzed by 
Chari and Kehoe (1990), Phelan and Stacchetti (2001) provide a formal definition of a sequential 
equilibrium for the dynamic policy game between the government and the households, and also develop 
a strategic dynamic programming method. Acemoglu et al. (2008, 2010, 2011) study dynamic taxation 
policy in the context of a dynamic game between a self-interested government and citizens, and 
characterize the best sub-game perfect equilibrium of this game from the viewpoint of the citizens. 
Yared (2010) considers an infinitely repeated game between citizens and rent-seeking politicians with 
double-sided lack of commitment in which reputation mechanism sustains efficient equilibrium policies.  

Also, Farhi and Werning (2008) study efficient nonlinear taxation in a dynamic game with political 
economy constraints and without commitment, it is revealed that reputational mechanism induces 
trigger-strategy equilibrium, where a deviation would be followed by the worst possible continuation 
equilibrium.  

In our study, it is however illustrated that under certain conditions the unique sub-game perfect 
equilibrium may result in dynamic inefficiency when compared to the cooperative equilibrium, and also 
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sub-game consistency, which is a much stronger concept than that of time consistency (see, Fischer, 
1980; Klein et al., 2008) in some sense, has been demonstrated to be met for the current model by 
heavily employing the technique developed by Yeung and Petrosyan (2006). In other words, we employ 
backward induction principle to ensure time consistency in the dynamic sequential game while using 
sub-game consistency to ensure time consistency in the cooperative stochastic differential game. To 
sum up, the present model has supplied a useful framework for the comparative study of the dynamic 
sequential game emphasized by Phelan and Stacchetti (2001), Acemoglu et al. (2008, 2010, 2011), Dai 
et al. (2013) and the cooperative differential game studied by Kaitala and Pohjola (1990), Yeung and 
Petrosyan (2006) and Leong and Huang (2010) in a stochastic growth model under political-economy 
constraint. And hence our study would be regarded as a natural extension of existing literatures. 

The current paper proceeds as follows. Section 2 thoroughly introduces some basic definitions 
and the computation algorithm of the sequential-equilibrium minimum-time needed to economic 
maturity. Sections 3 and 4 derive the sequential-equilibrium and cooperative-equilibrium minimum-time 
needed to economic maturity, respectively, in a very general framework. In section 5, we discuss some 
specific examples with closed-form solutions derived by applying the general model established in 
sections 3 and 4. And we finally close this study with some concluding remarks. 

 

2. Computation algorithm of sequential equilibrium 

2.1 Minimum-time needed to economic maturity 

Suppose that we are given a probability space , the optimization problem facing the 
economic agent is expressed as follows: 

   (1) 
 

subject to the corresponding law of motion of capital accumulation with  denoting per capita 

consumption and with  given by: 
 

    (2) 
 

subject to the law of motion of capital accumulation and .  

Hence, we give, 

Definition 1 (Minimum-Time Needed to Economic Maturity). The optimal stooping time  
determined by (2) defines a minimum-time needed to economic maturity in the sense of Radner 
Preference. 

About the definition of Radner Preference, one may refer to the classical paper of Radner (1961). 
And one can easily notice that the specification in (2) efficiently captures the Ratchet effect emphasized 
by traditional consumption theory and hence we would also call it the “peak preference” with the 
purpose of reflecting the psychological effect in consumption. As is well-known, when discussing 
efficient capital accumulation, efficiency is usually defined with reference to the final state (see, Radner, 
1961; Kurz, 1965; Dai, 2012, 2013) or the terminal stock (see, McKenzie, 1963b, 1976). In this paper, 
the terminal stock, equivalent to efficient capital accumulation in some sense, is endogenously 
determined as well as the minimum-time needed to economic maturity, which is an optimal stopping 
time that maximizes the final-state objective function of the economic agent, i.e., choosing a minimum 
time so as to maximize the discounted utility function, which, to some extent, resembles Kurz’s (1965) 
specification, that is, minimizing the time needed to reach the state of economic maturity. 
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2.2 Types of self-interested politician 
Now, we introduce three types of self-interested politician according to the above specification. 

Firstly, we give the respective preference of the representative household and the self-interested 
politician as follows, 

  (3) 

and, 

  (4) 

for any .  
 Then, we give the following definitions: 

Definition 2 (Self-Interested Politician). We call the politician the self-interested politician when he 
consumes the tax revenue as rent. That is, the politician is not benevolent in the usual sense. 

Definition 3 (Strongly Self-Interested Politician). We call the politician the strongly self-interested 

politician when he is self-interested and also the minimum-time needed to economic maturity  is 
determined by: 

 
subject to the law of motion of capital accumulation. 

 

Remark 2.1 In this case, the preference of the representative household is given by (3) while the 
preference of the politician given by: 

 
Definition 4 (Semi-Strongly Self-Interested Politician). We call the politician the semi-strongly self-

interested politician when he is self-interested and also the minimum-time needed to economic maturity 

 is determined by: 

 
and 

 
 

subject to the corresponding law of motion of capital accumulation, respectively. 

Remark 2.2 In this case, the preferences of the politician and the representative household are 
respectively given as follows, 

 
and, 

 
with . 
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Definition 5 (Weakly Self-Interested Politician). We call the politician the weakly self-interested 

politician when he is self-interested and also the minimum-time needed to economic maturity  is 
determined by: 

 
 

subject to the law of motion of capital accumulation. 
 

Remark 2.3 In this case, the preferences of the politician and the representative household are 
respectively given as follows, 

 
and 

 
with . 
 

2.3 Computation Algorithm 

We introduce the following computation algorithm by employing the well-known backward 
induction principle: 
 

Case 1. There is a strongly self-interested politician in the economy. The economic agents will act 
sequentially and the order of action reads as follows: 

 The politician determines the minimum-time needed to economic maturity based upon any 
given taxation policy and any given consumption strategy of the representative household. 

 Based on i), the politician chooses the taxation policy to maximize his welfare given any 
possible consumption strategy of the representative household. 

 Based upon i) and ii), the representative household determines his optimal consumption. 
And hence the corresponding computation algorithm is given by: 

Computation Algorithm I 

Step 1. The representative household chooses his\her optimal consumption strategy given the 
taxation policy of the politician and the time horizon of the program. 

Step 2. The self-interested politician chooses the taxation policy to maximize his welfare\utility 
given the optimal consumption strategy of the representative household derived in Step 1 
and any possible time horizon of the program. 

Step 3. Based upon the results derived in Steps 1 and 2, the minimum-time needed to economic 
maturity is established by the strongly self-interested politician. 

 

Case 2. There is a semi-strongly self-interested politician in the economy. Now, the order of action 
reads as follows: 

 The politician determines the minimum-time needed to economic maturity based upon any 
given taxation policy of himself and any given consumption strategy of the representative 
household. 

 The politician chooses the taxation policy to maximize his welfare based on i) and given any 
possible consumption strategy of the representative household. 

 The representative household determines the minimum-time needed to economic maturity 
based upon the taxation policy derived in ii). 
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 The representative household chooses his optimal consumption strategy based upon the 
taxation policy given by ii). 

It follows from the well-known backward-induction rational principle that the computation 
algorithm is given as follows: 
 
Computation Algorithm II 

 Step 1. The representative household chooses his\her optimal consumption strategy given the 
taxation policy of the politician and the time horizon of the program. 

 Step 2. Based upon Step 1, the minimum-time needed to economic maturity  is determined 
given any taxation policy of the politician. 

 Step 3. Based upon the result derived in Step 1, the taxation policy is determined by the semi-
strongly self-interested politician. 

 Step 4. The minimum-time needed to economic maturity  is determined by the politician 
based upon Steps 1 and 3. 

 Step 5. Given the minimum-time needed to economic maturity  and  derived in Steps 2 
and 4, respectively, we define the unique minimum-time needed to economic maturity as 

. 
 

Case 3. There is a weakly self-interested politician in the economy. Noting that the economic agents will 
act sequentially, then the order of action reads as follows: 

 The minimum-time needed to economic maturity is derived by the representative household for 
any given taxation policy of the politician and any given consumption strategy of the 
representative household. 

 Based on i), the taxation policy is determined by the politician to maximize his welfare for any 
given consumption strategy of the representative household. 

 Based upon i) and ii), the optimal consumption strategy is determined by the representative 
household. 

So, by applying the backward induction principle, we get the following computation algorithm: 
Computation Algorithm III. 

Step 1. The representative household chooses his\her optimal consumption strategy based upon 
any given taxation policy of the politician and any given time horizon of the program. 

Step 2. Provided the result derived in Step 1, the taxation policy is chosen by the self-interested 
politician to maximize his welfare\utility for any possible time horizon of the economy. 

Step 3. The minimum-time needed to economic maturity is established by the representative 
household based upon the results given in Steps 1 and Step 2. 

Therefore, we have stated all the computation algorithms for the sequential-equilibrium minimum-
time needed to economic maturity for the above three cases corresponding to three types of self-
interested politician. 

 

3. Sequential-equilibrium economic maturity 

3.1 Basic environment 
We consider the following neoclassical production function: 

       (5) 
 

which is a strictly concave function, and it also exhibits constant returns to scale effect with  denoting 

the aggregate capital stock and  representing the labor force or population size. Thus, the following 
law of motion of capital accumulation is derived, 
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(6) 
 

where , a given constant, denotes the depreciation factor, , 

,  stands for aggregate consumption, and ,  and 

 represent capital-income tax rate, labor-income tax rate, and consumption tax rate, respectively, 

at period . 

Now, suppose that  stands for a standard Brownian motion defined on the 

following filtered probability space  with  the augmented 

filtration generated by  with  for , that is, the underlying stochastic 
basis satisfies the well-known usual conditions. Then, based upon the given probability space and also 
in line with Merton (1975), we define, 

 

     (7) 
 

subject to  and , a constant. Thus, combining (6) with (7) and applying 
Itô’s Rule leads us to, 

 (8) 

with initial value  and ,  denoting the capital-labor ratio and per 

capita consumption, respectively, at time . 
So, based upon (8), we give the following differential operator for the new process  

, 

 (9) 
 

for  and . 

Noting that both continuity and differentiability are neighborhood properties, we hence fix a 

domain  in  and the probability law of  starting at  for  is (with slight 

abuse of notation) also denoted by .  
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And define:  
 

Definition 6 (Regular Boundary). Let  denote the boundary of the domain , a point  is 

called regular for  (w.r.t. ) if . 

This definition implies that a.a. paths of  starting from  leave  immediately. 

Assumption 1. Without loss of generality,  is chosen such that  is sufficiently large a.s. . 
 

3.2 Sequential-equilibrium minimum-time needed to economic maturity 

Case 1. Suppose that there is a strongly self-interested politician in the economy. 
Applying Computation Algorithm I, we then obtain, 

Problem 1. It is assumed that the economy consists of  identical individuals, each of whom 

possesses perfect foresight in period . Thus, the optimization problem facing the representative 
household is expressed as follows, 

 
subject to (8) with  denoting the expectation operator depending on  and  the strictly 
increasing, strictly concave instantaneous utility function of per capita consumption with the well-known 
Inada conditions satisfied. 

So, we get, 
Theorem 1 (Necessity). Define, 

 

 
 

Suppose that  satisfies, 

 
 

for all bounded stopping times . Moreover, suppose that an optimal Markov control  exists 

and that  is regular in the sense of Definition 6 for . Then, 

 
 

for all , and, 
 

 
 

for all . In other words, the optimal consumption  meets, 
 

 
 

for all . 
 

Proof. This is a direct application of the Theorem of Hamilton-Jacobi-Bellman (HJB) Equation 
(see, Øksendal, 2003). 

Theorem 2 (Sufficiency). Let  be a function in  such that for all , 
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for all  with boundary values, 

 
 

a.s. , and such that, 
 

 
 

is uniformly integrable for all Markov controls  and all . Then, 
 

 
 

for all Markov controls  and all . Moreover, if for each  we have found  such that, 

 
and, 

 
is uniformly integrable for all . Then,  is a Markov control such that, 

 

 and hence if  is admissible then  must be an optimal control and 

, which appears in Theorem 1. 
 

Proof. A canonical application of the Verification Theorem of HJB Equation (see, Øksendal, 2003) 
shows the desired assertion.  

 

Some papers such as Karatzas and Wang (2000), Jeanblanc et al. (2004), and also the textbook 
of Øksendal and Sulem (2005) study utility maximization with discretionary stopping. Instead of deriving 
the optimal stopping time and the optimal controls simultaneously, Theorems 1 and 2 establish optimal 
consumption for any given stopping time based upon our Computation Algorithm defined in Section 2. In 
other words, the dynamic sequential game structure between the representative household and the self-
interested politician will naturally make the corresponding computation of the optimal controls much 
easier. And this would be regarded as a byproduct of the dynamic sequential game discussed here. 
Moreover, it would be interesting to notice that optimal controls indeed interact with each other when the 
economic agents are faced with various types of decisions, i.e., optimal stopping time and optimal 
consumption appear in Theorems 1 and 2 can be regarded as totally different control variables in some 
sense.  

Thus, in contrast to the traditional consumption theory, Theorems 1 and 2 show us that optimal 
consumption will endogenously affect the underlying minimum-time needed to economic maturity on the 
one hand, and on the other hand, the minimum-time needed to economic maturity will in turn constraint 
the choice of optimal consumption behavior as a stochastic boundary condition in the corresponding 
optimization problem facing the representative household. And this would be interpreted as the new 
characteristic of Theorems 1 and 2 when compared to existing papers focusing on optimal consumption 
theory. 

Thus, in what follows, we substitute  into (9) and we will use  instead of  for 

all . And also (8) would be rewritten as follows, 
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 (10) 
 

Now, the optimization problem facing the self-interested politician can be expressed as follows: 
Problem 2. Here, we particularly consider the taxation-revenue consumption per capita for the politician. 
That is, the self-interested politician faces the following optimization problem, 

 

subject to (10) with  denoting the expectation operator depending on  and  the smooth 

and increasing instantaneous utility function. Indeed, the specification of  can efficiently reflect the 
type of politician in the sense of preference, i.e., risk-aversion politician, risk-neutral politician, and risk-
preference politician. 

So, quite similar to Theorems 1 and 2, we obtain: 
Theorem 3 (Necessity). Define, 

 
 

Suppose that  satisfies, 
 

 
 

for all bounded stopping times . Moreover, suppose that an optimal Markov control 

 exists and that  is regular in the sense of Definition 6 for . Then, 
 

 
 

for all , and, 
 

 (11) 
 

for all . In other words, the optimal control  fulfills, 



 

35 

Volume IV Issue 1(7) Summer 2013 

 

 
 

for all . 
 

And also, Theorem 4 (Sufficiency). Let  be a function in  such that for all 

, 
 

 
 

for all  with boundary values, 
 

 
 

a.s. , and such that, 
 

 
 

is uniformly integrable for all Markov controls  and all . Then, 

 
 

for all Markov controls  and all . Moreover, if for each  we have found that 

 such that, 

 
and, 

 
 

is uniformly integrable for all . Then, 
  

 

 

 is a Markov control such that, 

  and hence if  is admissible then  must be 

an optimal control and , which appears in Theorem 3. 
 

Many existing literatures (e.g., Chamley, 1986; Jones et al., 1993; Phelan and Stacchetti, 2001; 
Kocherlakota, 2005; Acemoglu et al., 2011, and among others) focusing on taxation theory build up 
discrete-time models with exogenously prescribed time horizon. And some seminal papers (see, 
Chamley, 1986; Jones et al., 1993; Acemoglu et al., 2011) would heavily depend on the existence of the 
long-run steady state of the economy while Theorems 3 and 4 holding along the whole path of capital 
accumulation with the tax rates exhibiting Markov properties. And also the time horizon of the planning 
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problem is endogenously determined in our model. That is to say, Theorems 3 and 4 show us formulas 
characterizing the taxation rates under political-economy constraint and also for very general preference 
functions, technology functions and endogenous time horizon. Generally, economic intuition will lead us 
to investigate how tax rates would affect the equilibrium minimum-time needed to economic maturity. In 
other words, we are usually inclined to focus on the policy effect of the government imposed on the 
equilibrium minimum-time needed to economic maturity. The results presented in Theorems 3 and 4, 
however, show us the inverse effect, i.e., the equilibrium minimum-time needed to economic maturity, 
characterized via a stochastic stopping time, as a stochastic boundary condition will also affect the 
equilibrium (in the sense of sub-game perfect) choice of tax rates of the self-interested politician. And 
hence such kind of interaction would shed some new insights into taxation theory from the viewpoint of 
economic development. 

Hence, in what follows, we use the characteristic operator  instead of 

 for all . Also, inserting  into (10) produces, 
 

 (12) 
 

Thus, we can give, 

Problem 3. Let  denote the set of all stopping times . Consider the following problem 
facing the self-interested politician, 

 
subject to (12). 

It follows from Problem 3 that we have extended the concept of self-interested politician widely 
used by Acemoglu et al. (2008, 2010, 2011) and Yared (2010), and among others. Since the major 
issue of the present exploration is to compute the minimum-time needed to economic maturity for 
underdeveloped economies, the strongly self-interested politician rather than the representative 
household will determine the optimal stopping time. That is, the corresponding minimum-time needed to 
economic maturity only takes into account the utility or welfare of the self-interested politician. Indeed, 
this specification reflects certain type of political institutional arrangement of planning economies in 
reality. In addition, it is easily seen that the specification in Problem 3 is totally different from that in Dai 
(2012, 2013), where there is a benevolent government in the underlying economy. And it is insisted that 
such kind of difference indeed reflects different institutional arrangements in reality. For example, in 
many planning economies, it is the politician’s or the government’s interests instead of the households’ 
interests that will determine the long-run economic development policy, i.e., the minimum-time needed 
to economic maturity. Obviously, such kind of institutional arrangement will induce an incentive structure 
among the economic agents leading to very poor economic performance, especially in the long run. 
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Undoubtedly, both Dai (2012, 2013) and Problem 3 just consider special or extreme cases. 
Nevertheless, what’s the corresponding lesson? For underdeveloped economies, in order to promote 
long-run and sustainable economic development, good institutions such as democratic institutions and 
market- economy institutions in Western world should be established first with the purpose of 
endogenously producing efficient incentive structure in the economy. In other words, the corresponding 
political and economic institutions should play a quite positive role in increasing the encompassing 
interests (see, Olson, 2000) between the politician and the household. 

We then obtain by solving Problem 3, 
Theorem 5 (Sequential-Equilibrium Minimum-Time Needed to Economic Maturity: Existence). 

a) Suppose that we can find a function  such that, 

 

 on  and  a.s.  

Define  and suppose  spends 0 time on  a.s. , 

i.e., 

 for all , and suppose that,  is a Lipschitz surface. 

 

Moreover, suppose the following conditions:  and the second order derivatives of 

 are locally bounded near  

 on  

Then,  for all . 

 

b) Suppose, in addition to the above conditions, that: 

 on  

 a.s.   for , and the family 

 is uniformly integrable w.r.t.   for all . Then, 

 for all  and,  is an optimal 

stopping time for this problem. 
 

Proof. A direct application of the variational inequalities for optimal stopping (see, Øksendal, 
2003) produces the required assertion. 

While one may notice certain similarity of the present approach to those literatures studying 
endogenous lifetime or endogenous longevity in growth models (see, Chakraborty, 2004; de la Croix 
and Ponthiere, 2010, and among others), there exist obvious differences especially when referring to 
economic intuitions and economic implications behind the formal models. For example, existing studies 
mainly focus on OLG models and health-investment behaviors while the current exploration 
emphasizing issues of macroeconomic development, i.e., formal characterization of economic maturity 
for underdeveloped economies and the corresponding characteristics of their optimal paths of capital 
accumulation. Furthermore, it is easily seen that the maximum sustainable capital-labor ratio 
corresponding to the state of economic maturity as well as the minimum time needed to economic 
maturity is endogenously determined by using stochastic optimal stopping theory that is widely applied 
in mathematical finance (see, Øksendal and Sulem (2005) and references therein). As is well known, in 
Kurz’s (1965) study, the targets or the maximum sustainable level of terminal path capital-labor ratios 
are exogenously specified, and the corresponding minimum time problem is expressed as: for any given 
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initial capital-labor ratios, to choose strategies so that the prescribed targets can be reached as soon as 
possible. The major innovation of the present approach, therefore, is that we endogenously determine 
the terminal path, the minimum time and also take the economic-welfare considerations of the strongly 
self-interested politician into account in solving the minimum-time problem. Last but not least, Theorem 
5 indeed provides us with a general and complete characterization of the minimum-time needed to 
economic maturity when compared to the corresponding result in Dai (2012, 2013). And most 
importantly, this kind of generalization will sufficiently capture the economic effects of preferences and 
technologies on the minimum-time needed to economic maturity, which hence implies that Theorem 5 
would be of independent interest. 
 

Corollary 1. In principle, the sequential-equilibrium minimum-time needed to economic maturity  can 

be further computed by the following equality, 
 

 
 

Proof. Combining (11) with Theorem 5 produces the desired result. 
It is particularly worth emphasizing that Corollary 1 as well as the corollaries in Section 4 is one 

major innovation of the model because these corollaries provide simple conditions under which the 
corresponding minimum-time needed to economic maturity can be explicitly computed as is shown in 
Section 5. In addition to that, one may easily notice that the equilibrium minimum-time needed to 
economic maturity in Corollary 1 clearly reflects the reasonable combination of the optimal stopping 
theory and the stochastic dynamic programming method. 
Case 2. Suppose that there is a semi-strongly self-interested politician in the economy. 
Case 3. Suppose that there is a weakly self-interested politician in the economy. 

Noting that the discussions corresponding to Cases 2 and 3 are quite similar to that of Case 1, we 
hence take them omitted and leave them to the interested readers. 

 

4. Cooperative-equilibrium economic maturity 

In the present section, we will introduce a new approach to economic maturity, i.e., cooperative-
equilibrium economic maturity. Kaitala and Pohjola (1990), and Leong and Huang (2010) study the 
differential cooperative game between the firm and the government in deterministic and stochastic 
environments, respectively. However, we will investigate the differential cooperative game between the 
representative household and the self-interested politician with the time horizon endogenously 
determined. As a result, our following theorems are new relative to those of Kaitala and Pohjola (1990), 
and Leong and Huang (2010). Additionally, the following results will be much more complicated owing to 
the general preference and technology functions we employed here. 

We will first introduce Markov feedback Nash equilibrium solution, and then cooperative 
equilibrium which fulfills the following requirements: individual rationality, group rationality, sub-game 
consistency and also Pareto-optimality. Moreover, we derive the payoff distribution procedure (PDP) of 
the cooperative game based upon the sub-game consistent imputation and provided that the players 
agree to act according to all agreed upon Pareto-optimal principle, for example, Nash bargaining 
solution and Shapley value. In particular, we give, 
Assumption 2. Here, and throughout the current paper, it is assumed that payoffs\ utilities are 
transferable across players, i.e., the representative household and the self-interested politician, and 
over time. 
Case 1. Suppose that there is a strongly self-interested politician in the economy. 

Theorem 6 (Markov Feedback Nash Equilibrium Solution). We denote by  the differential 
game between the representative household and the self-interested politician, and hence a set of 

feedback strategies  provides a Nash equilibrium solution 
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to the game , if there exist continuously differentiable functions, 

, , satisfying the following Fleming-Bellman-Isaacs partial 
differential equations, 

 
and, 

 
with the following boundary conditions, 

 

 (13) 
 

As argued by Fischer (1980), the problem of dynamic inconsistency can arise if the policy 
maker’s utility function differs from that of the representative household. That is, there will be no 
dynamic inconsistency if the politician and the representative household face exactly the same 
optimization problem except for the variables they control.  

Noting that the Markov feedback Nash equilibrium  

given in Theorem 6 is Markovian in the sense that they are functions of current time  and current state 

, and thus independent of past values of state. This implies that the optimal solutions do not 
depend on the choice of the starting time of the optimal path, and accordingly the problem of dynamic 
inconsistency disappears even though the self-interested politician and the representative household 
face totally different optimization problems in Theorem 6. Moreover, besides the Feedback-Nash 
equilibrium solution established in Theorem 6, many literatures such as Pohjola (1983), and Başar et al. 
(1985) also studied Feedback-Stackelberg solution (see, Simaan and Cruz, 1973) in a differential game 
model of capitalism (e.g., Lancaster, 1973; Hoel, 1978). It is therefore asserted that Theorem 6 can also 
be extended to derive the corresponding Feedback-Stackelberg solution and one, if motivated, may also 
investigate the difference and similarity between the two kinds of solution in the present framework.  

Now, inserting the feedback strategies derived in Theorem 6 into (8) gives rise to: 
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Provided the Markov feedback Nash equilibrium  

given in Theorem 6, then the corresponding stopping time  given in Theorem 6 is a solution to the 
following problem, 

Problem 4. Similar to Problem 3, let  denote the set of all stopping times . Then the 
optimal stopping problem facing the strongly self-interested politician reads as follows, 

 
 

subject to (14).  
 Solving Problem 4 establishes the following theorem, which is quite similar to Theorem 5. 
 
Theorem 7 (Markov-Equilibrium Minimum-Time Needed to Economic Maturity: Existence). 

a) Suppose that we can find a function  such that, 

 

 on  and  a.s.  

Define  and suppose  spends 0 time on  a.s. , i.e., 

 for all , and suppose that, 

 is a Lipschitz surface. 

Moreover, suppose the following conditions:  and the second order derivatives of 

 are locally bounded near   on  
 

Then,  for all . 
 

b) Suppose, in addition to the above conditions, that, 

 on  

 a.s.   for , and 

The family  is uniformly integrable w.r.t.   for all  

Then,  for all  

and,  is an optimal stopping time for this problem. 
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Corollary 2. In principle, the Markov-equilibrium minimum-time needed to economic maturity  can be 
further computed by the following equality, 

 
Proof. Combining (13) with Theorem 7 produces the desired result. Generally, the set of sub-

game perfect sequential equilibrium is a subset of that of Nash equilibrium. For example, in many 
interesting games, there exist multiple Nash equilibrium while the uniqueness of the sub-game perfect 
Nash equilibrium can be ensured. Therefore, the Markov-equilibrium minimum time in Theorem 7 may 
rightly coincide with the sequential equilibrium minimum time in Theorem 5 on the one hand, while on 
the other hand, the Markov equilibrium minimum time may be also a relatively new concept under 
certain specifications of preference and technology in the model. 

Now, we focus on the following cooperative stochastic differential game. First, we introduce, 
Problem 5. Based upon Assumption 2, and suppose that the representative household and the self-
interested politician agree to maximize the sum of their expected payoffs, i.e. 

 
subject to (8). 

In particular, both  and  are determined by the following problem: 
Problem 6. When there is cooperation between the representative household and the strongly self-

interested politician, then the minimum-time needed to economic maturity  is determined by solving 
the following problem: 

 
 
subject to, 
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(15) 
 

with , ,  and  determined by Problem 5. 

 

By solving Problem 5, we derive: 

Theorem 8. We denote by  the cooperative differential game between the 
representative household and the strongly self-interested politician, and consequently a set of Markov 

feedback strategies:   

provides a cooperative equilibrium solution to the cooperative game , if there exist 

continuously differentiable functions , , satisfying the 
following Fleming-Bellman-Isaacs partial differential equation, 

 
 

with the following boundary condition, 

 (16) 

It will be shown below that the boundary condition in (16) is of great importance in identifying the 
cooperative equilibrium minimum-time needed to economic maturity. As you may notice, Theorem 8 is 
established relying on Assumption 2, i.e., payoffs\ utilities are transferable across players and over time. 
Nonetheless, technically, Theorem 8 can also be extended to study the case of nontransferable 
utilities\payoffs (see, Yeung and Petrosyan, 2006) across players and over time. For example, here we 
may consider the weighted social welfare function (see, Harsanyi, 1955, and among others) regarding 
the representative household and the self-interested politician. And one may further interpret such kind 
of specification from the following viewpoints: first, the choice of the social welfare function will to some 
extent reflect the social institution or social structure of the underlying economy (see, for example, 
Akerlof (1997) and references therein), for instance, the representative household and the self-
interested politician share asymmetric social status, and therefore asymmetric bargaining power in the 
game of resource allocation; second, here we specifically employ the methodology that utility is 
comparable among the economic individuals (e.g., Harsanyi, 1955; Sen, 1970; Kalai, 1977, and among 
others). To sum up, Theorem 8 has provided us with a useful starting point in this direction for future 
exploration. 
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In order to make sure that , ,  and  

derived in Theorem 8 indeed provides us with a cooperative equilibrium solution, we need to introduce 
the following definitions and theorems: 
Definition 7 (Group Rationality). If it is confirmed in the present cooperative model that 

 along the trajectory  that is given by (15), then we 

claim that the optimal solution: 
 

 satisfies group rationality. 

 

Chang and Malliaris (1987), by using the Reflection Principle, demonstrated the existence and 
uniqueness of the solution to the classic Solow equation under continuous time uncertainty for the class 
of strictly concave production functions which are continuously differentiable on the non-negative real 
numbers. This class contains all CES functions with elasticity of substitution less than unity. Hence, we 
directly give, 
 

Assumption 3. Suppose that the solution to the SDE given in (15) exists and it can be expressed as 
follows, 
 

 (17) 
 

We let  denote the set of reliable values of  at time  generated by (17). The term  

is also used to represent an element in the set . Let  denote the 

instantaneous payoff of the cooperative game  at time  with . In 

particular, along the cooperative trajectory  we put, 

 

 

for , ,  and . 
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Thus, based upon an agreed-upon optimality principle such as Nash bargaining solution or 

Shapley value introduced below, the vectors  for 

, are valid imputations if the following conditions are satisfied: 

Definition 8 (Valid Imputation). The vector  is a valid imputation of the differential 

cooperative game , for  and , if it satisfies. 

 The vector  is a Pareto optimal imputation 

vector; 
 
 Individual rationality requirement, that is to say, we obtain the result 

, for . 

Moreover, we define, 

 
and, 

 
 

for  and . Noting that, 

 (18) 

for  and , we now give: 
 

Definition 9 (Sub-Game Consistency). The condition in (18) guarantees sub-game consistency of the 
solution imputation throughout the game interval in the sense that the extension of the solution policy to 
a situation with a later starting time and any feasible state brought about by prior optimal behaviors 
would remain optimal. 

Indeed, Definition 9 is directly brought from Yeung and Petrosyan (2006). Furthermore, we can 
get the PDP as follows, 

Theorem 9 (Sub-Game Consistent Solution). An instantaneous payment at time  equaling, 
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for  and , and this yields a sub-game consistent solution or the PDP of the 

cooperative game . 

Proof. It is quite similar to the proof of Theorem 5.8.3 of Yeung and Petrosyan (2006), so we take 
it omitted. 

As noted above, one may consider sub-game consistent solutions under specific optimality 
principles. For example, one may use: 
 

Definition 10 (Nash Bargaining Solution\Shapley Value). In the cooperative game , at time  
an imputation: 

 

is assigned to player , for ; and at time , an imputation, 

 

is assigned to player , for  and . 

Here, it is especially worth emphasizing that Nash bargaining solution and Shapley value coincide 
with each other in the present two-player game (see, Yeung and Petrosyan, 2006) while they generally 
showing us different cooperative mechanisms when there are over two players in the game. 
Theorem 10 (Sub-Game Consistency of the Nash Bargaining Solution\Shapley Value). It is confirmed 

that the Nash bargaining solution\Shapley value  given in Definition 10 is a sub-game 

consistent imputation for the present cooperative game  for . 
Proof. Noting that the equilibrium feedback strategies or the stochastic controls in Theorems 6 

and 8 are Markovian in the sense that they depend on current state and current time, one can readily 
observe by comparing the corresponding stochastic Bellman equations in Theorems 6 and 8 for 

different values of  and , respectively, that: 
 

 
 

for  and  the corresponding optimal trajectory of capital-labor ratio 

determined by (14) at time , and also: 
 

 
 

for  and  the corresponding optimal trajectory of capital-labor ratio 

determined by (17). Moreover, along the optimal trajectory , one can obtain: 
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where:  measures the expected present value of the representative household’s payoff 

in the time interval  when  and when the game starts from time . For the self-

interested politician, 
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where  measures the expected present value of the strongly self-interested politician’s 

payoff in the time interval  when  and when the game starts from time . 

Similarly, for the cooperative game, we obtain, 

 

where  measures the expected present value of the cooperative payoff in the time 

interval  when  and when the game starts from time . 

Now, we can obtain the Nash bargaining solution\Shapley value along the cooperative optimal 

trajectory  as follows: 

 

for , and . And this proof is complete. 

As noted by Yeung and Petrosyan (2006) that though one of the most commonly used allocation 
principles is the Shapley value, however, equal imputation of cooperative gains may not be totally 
agreeable to the players when players are asymmetric in their sizes of noncooperative payoffs. For 
example, in the current context, the noncooperative payoffs of the representative household and the 
self-interested politician may be asymmetric in reality owing to unequal social status. So, to overcome 
this, we also consider the following allocation principle in which the players’ shares of the gain from 
cooperation are proportional to the relative sizes of their expected noncooperative payoffs. To be exact, 
the corresponding imputation scheme satisfies: 
 

Definition 11 (Proportional Distribution). In the present cooperative game denoted , an 
imputation, 

 

should be assigned to player , for ; and in the sub-game denoted by  for 

, an imputation, 
 

 
 

is assigned to player , for  and . 



Theoretical and Practical Research in Economic Fields 

48 

Theorem 11 (Sub-Game Consistency of the Proportional Distribution). The proportional-distribution 

imputation  given in Definition 11 provides us with a sub-game consistent imputation for 

the cooperative game  for ,  and . 

Proof. The proof is quite similar to that of Theorem 10, so we take it omitted. 
Up to the present step, we have discussed the relevant issues, i.e., group rationality, individual 

rationality, Pareto-optimal principle, and sub-game consistency of the above cooperative stochastic 
differential game between the representative household and the strongly self-interested politician. Now, 
we are in the position to derive the cooperative-equilibrium minimum-time needed to economic maturity. 

By solving Problem 6 and also employing similar arguments as in Theorem 5, we get, 
Theorem 12 (Cooperative-Equilibrium Minimum-Time Needed to Economic Maturity: Existence). 

a) Suppose that we can find a function  such that: 
 

 
 on   

 

and  

 a.s.  

Define  and suppose  spends 0 time on  

a.s. , i.e., 

 for all , and suppose that,  is a Lipschitz surface. 

Moreover, suppose the following conditions: 

 and the second order derivatives of  are locally bounded near  

 on  

Then,  for all . 
 

b) Suppose, in addition to the above conditions, that: 

 on ; 

 a.s.   for , and the family 

 is uniformly integrable w.r.t.   for all  
 

Then,  for all  

and, 

 is an optimal stopping time for this problem. 
 

In addition to that, we have: 

Corollary 3. In principle, the cooperative-equilibrium minimum-time needed to economic maturity  
can be further computed by the following equality, 
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Proof. Combining (16) with Theorem 12 produces the desired result. 
Case 2. Suppose that there is a semi-strongly self-interested politician in the economy. 
Case 3. Suppose that there is a weakly self-interested politician in the economy. 

 

Noting that the discussions corresponding to Cases 2 and 3 are quite similar to that of Case 1, we 
hence take them omitted and leave them to the interested readers. Furthermore, it would be interesting 
to comparatively study the cooperative equilibrium minimum-time needed to economic maturity 
corresponding to different cases, i.e., different political institutional arrangements. That is, the framework 
presented here makes it possible to evaluate the economic efficiency of political institutions from the 
perspective of economic development. As emphasized by North (1994) that economic and political 
institutions are the underlying determinants of economic performance and also argued by Acemoglu et 
al. (2005b) that institutions are the fundamental cause of economic growth, the paper has built up a 
baseline framework for us to explore the role institutions play in economic maturity, especially from the 
viewpoint of time dimension. And hence our results would be seen as a supplement to those of North 
(1994) and Acemoglu et al. (2005b). 

Now, provided the sequential-equilibrium minimum-time needed to economic maturity , 

Markov-equilibrium minimum-time needed to economic maturity , and the cooperative-equilibrium 

minimum-time needed to economic maturity , given in Theorems 5, 7 and 12, respectively, we can 
then investigate the following issue: which approach will lead us to much faster economic maturity? 
Lancaster (1973) and Kaitala and Pohjola (1990) argued that cooperation between the government and 
the firm will be more beneficial compared to the dynamic inefficiency of capitalism. Moreover, Leong and 
Huang (2010) demonstrates that cooperation is always Pareto optimal compared to the non-cooperative 
Markovian Nash equilibrium although the cooperative solution is indeterminate. Apart from these 
papers, the present model defines the concept of dynamic inefficiency of capitalism in the sense of the 
minimum-time needed to economic maturity. In other words, if the cooperation between the self-
interested politician and the representative household will lead to much faster speed of economic 
maturity, then there exists dynamic inefficiency of capitalism in the underlying economy. Furthermore, if 
we interpret different game structures as different institutional arrangements (e.g., North, 1990; Hurwicz, 
1996; Williamson, 2000; Amable, 2003), then we provide a basic framework to analyze different speeds 
of economic maturity corresponding to different institutional arrangements. This indeed shows new 
approach and also new perspective for those studies focused on underdeveloped economies. 

Finally, it is particularly worth emphasizing that the equilibrium minimum-times needed to 
economic maturity derived in the above theorems strictly depend on the initial value of the underlying 
economic system. This has to some extent reflected the well-known path-dependence effect analyzed 
and emphasized by North (1990). In other words, we argue that, besides in the process of institutional 
changes, path-dependence effect also plays a crucial role in economic development for those 
underdeveloped economies. What is more, as you can see in the following section, one can even 
proceed to the comparative static analysis of the equilibrium minimum-time needed to economic 
maturity with respect to the initial capital stock of the abstract economy. This of course will show us very 
rich and also interesting economic intuition and economic implication of the mathematical model. And it, 
therefore, would be regarded as an advantage of the framework established in the paper. 

 

5. Examples: closed-form solutions 

In this section, we will take the following case for example, 
Case 1. Suppose that there is a strongly self-interested politician in the economy. 

In order to make things easier and also derive closed-form solutions, we adopt the following 
production technology instead of that in (5), 

 with , an exogenously given constant. Also, we shall consider a simple 
form of (6), i.e. 
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where  stands for savings rate of the representative household. So, (8) becomes, 

 (19) 
 

5.1 Risk-aversion politician 

It is assumed that there is a risk-aversion politician in the economy. And both the self-interested 
politician and the representative household exhibit log preference. In particular, here we without loss of 

generality put  instead of  which is used in the previous sections. So, the optimization 
problem facing the representative household reads as follows: 

 (20) 

subject to (19). Applying Computation Algorithm I shows that, 

Proposition 1. Provided the optimal stopping time  and the taxation policy of the strongly self-

interested politician, we can get the optimal savings rate represented by  by 

solving the problem in (20). 
Proof. The proof is quite easy and hence we take it omitted. 
The optimization problem facing the self-interested politician is expressed as follows: 

 (21) 

subject to (19) and Proposition 1. 
 

Proposition 2. Conditional on Computation Algorithm I and Proposition 1, we get by solving the problem 

in (21) the sub-game perfect Nash equilibrium capital-income tax rate as  and also 

the following boundary condition, 
 

 

Proof. Based on Proposition 1, we have the following Bellman-Isaacs-Fleming equation, 
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 (22) 

Performing the maximization gives, 

 (23) 

If we put, 

 (24) 

which combines with (23) implies that, 
 

 (25) 
 

Inserting (24) and (25) into (22) yields, 

 

which shows that  and, 

 
 

which gives the desired result and hence the proof is complete.  
 

Now, applying Propositions 1 and 2 reveals that (19) can be rewritten as follows: 

 (19`) 
 

And so the corresponding optimal stopping problem can be written as follows, 

 
subject to (19’). The generator in (9) can be written as, 

 
If we try a function  of the form, 

 

 for some constant . We thus get, 
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Solving equation  gives the unique positive root,  

 (26) 

With this value of  we put, 
 

   (27) 

for some constant , to be determined. If we let , we have, 

 
Therefore, we put, 

 
Thus, we guess that the continuation region  has the form, 

 

   (28) 
 

for some  such that , i.e., 

 
 

Hence, by (28) we can rewrite (27) as follows, 
 

 
 

 We without loss of generality guess that the value function  is  at  and this will 
naturally lead to the following smooth-fit conditions, 

 

 (continuity at ) 

 (differentiability at ) 
 

from which we thus derive, 

   (29) 
 

Proposition 3. Under the above constructions and certain parameter constraints, we obtain the 
sequential-equilibrium minimum-time needed to economic maturity denoted by:  

. 
 

In other words, is a supermeanvalued majorant of  

with  and  given by (29) and (26), respectively. 

 
Proof. See the proof of Theorem 1 of Dai (2012). 
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Corollary 4. There is a closed-form solution for the sequential-equilibrium minimum-time needed to 

economic maturity , and indeed, 

 
where  and  are given by (29) and (26), respectively, and  denotes the initial condition. 

 

Proof. Combining the boundary condition in Proposition 2 with Proposition 3 easily confirms the 
required assertion. 

In what follows, we will derive the closed-form solution corresponding to cooperative economic 
maturity. Before doing this, we establish, 
 

Proposition 4. There exists a Markov feedback Nash equilibrium solution denoted by:  
 

, and the corresponding value functions are given by: 

 

 
Proof. This proof is quite similar to those of Propositions 1 and 2, and hence we omit it and leave it to 
the interested reader. 

Now, if the representative household and the strongly self-interested politician can cooperate with 
each other, then the corresponding optimization problem amounts to, 

 
 (30) 

subject to (19). By solving the problem in (30), one can establish: 
 

Proposition 5. Provided the above constructions, there is a cooperative solution denoted by 

, and the corresponding value function is, 

 
Proof. This proof is quite similar to the above propositions, so here we take it omitted. 
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Proposition 6. Provided the cooperative solution in Proposition 5, it is shown that group rationality, 
individual rationality and sub-game consistency are all fulfilled when we employ Nash bargaining 
solution\Shapley value as the imputation scheme. 
 

Proof. Based upon Theorem 10, Propositions 4 and 5, the required assertions are easily demonstrated, 
and we hence leave the details to the interested reader. 

Now, we are in the position to consider the following optimal stopping problem, 

 

subject to:  
 

So, the generator in (9) can be rewritten as follows, 

 
 

If we try, for some constant . We thus get, 

 
 

Solving equation  produces, 

 
 (31) 

With this value of  we put: 
 

  (32) 
 

for some constant  remains to be determined. If we let , we obtain: 

 
So, we put: 

 

 
 

Thus, we guess that the continuation region  has the form: 
 

 (33) 
 

for some  such that , i.e., 
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Hence, by (33) we can rewrite (32) as follows: 
 

 
 

And hence we have the following smooth-fit conditions: 

 (continuity at ) 

 (differentiability at ) 
 

from which we thus obtain: 

 (34) 

Proposition 7. Under the above constructions and certain parameter constraints, then there exists a 
cooperative-equilibrium minimum-time needed to economic maturity denoted by:  
 

.  

 

In other words,  is a super-mean-valued-

majorant of  with  and  given by (34) and (31), respectively. 
 

Proof. See the proof of Theorem 1 of Dai (2012). Similar to Corollary 4, we establish: 
 
Corollary 5. There is a closed-form solution for the cooperative-equilibrium minimum-time needed to 

economic maturity , and in fact: 

 
where  and  are given by (34) and (31), respectively, and  denotes the initial condition. 

Proof. Combining Proposition 5 with Proposition 7 easily confirms the required result. 
Corollary 6. Cooperation between the representative household and the strongly self-interested 
politician will lead us to much faster economic maturity than that of sequential action when, 
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in which , ,  and  are given by (34), (31), (29) and (26), respectively. Otherwise, decentralized 
sequential action will do a better job than that of differential cooperation in the sense of the minimum-
time needed to economic maturity. 

Proof. It follows from Corollaries 4 and 5 that we have the required result. 
 

5.2 Risk-neutral and risk-preference politician 

One can still suppose that the representative household exhibits log preference while the criterion 
of the risk-neutral self-interested politician expressed as follows: 

 
And also, the objective of the corresponding optimal stopping problem is given by: 

 
Similarly, for the risk-preference self-interested politician, we have the following criterions for the 

politician: 

 
and, 

 
in which , some given constant. 

Noting that the following discussion is quite similar to that appears in Section 5.1, thus we plan to 
omit it and leave it to the interested reader. Undoubtedly, closed-form solutions can be derived, too. 
Moreover, one can comparatively study the minimum-time needed to economic maturity corresponding 
to different types of politician, and accordingly different types of political institution. For example, one 
specific type of political institution will induce much higher level of economic maturity while much slower 
speed of economic maturity when compared with other types of political institution. 

 

Concluding remarks 

Dai (2012), by employing optimal stopping theory, discussed efficient capital accumulation with 
reference to the final state or terminal stocks. And Dai derived closed-form solution by using AK 
production technology. Nevertheless, the present exploration indeed extends Dai’s results from the 
following directions: first, we have provided very general conditions under which the minimum-time 
needed to economic maturity can be computed corresponding to a wide range of preferences and 
technologies; second, in the present study, the role of game structure or institutional arrangement has 
been sufficiently emphasized in determining the minimum-time needed to economic maturity; last but 
not least, we study the minimum-time needed to economic maturity for underdeveloped economies and 
especially under political-economy constraint, i.e., the self-interested politician indeed maximizes the 
corresponding utility from the rent. Dai mainly demonstrated the strong convergence of capital 
accumulation to the efficient capital stock while the current paper focusing on the explicit computation 
and complete characterization of the minimum-time needed to economic maturity for those 
underdeveloped economies and also under political- economy constraint. 

What is more, Dai, in a given institutional arrangement and for given preference and 
technology, provides the condition under which the efficient state is achievable in the sense of uniform 



 

57 

Volume IV Issue 1(7) Summer 2013 

topology while the present exploration constructing a general framework in which one can comparatively 
evaluate the economic efficiency of different institutional arrangements from the viewpoint of the efficient 
speed (i.e., based on welfare maximization) of economic development. In other words, Dai strictly 
follows the neoclassical framework while the current paper is indeed in line with new institutional 
economics. In particular, we have to some extent modelled the underlying idea of Coase (1988) that we 
need a baseline framework to comparatively and sufficiently evaluate the economic efficiency of 
different institutional arrangements in order to make a wise choice during the corresponding institutional 
changes in reality. 

Although optimal stopping theory has been widely used in mathematical finance, no literatures 
except for Dai (2012, 2013) notice that this mathematical technique would be very helpful in 
endogenously determining the minimum-time needed to economic maturity in macroeconomics or 
development economics. Indeed, the results stated and proved in Sections 3 and 4 are new to the best 
of our knowledge. In other words, these theorems should be of independent interest in macroeconomics 
although the major techniques are brought from stochastic analysis (see, Øksendal, 2003) and 
cooperative stochastic differential game (see, Yeung and Petrosyan, 2006). For example, our 
specification will naturally lead to the explicit computation of the minimum-time needed to economic 
maturity, as is shown in Section 5. We have provided a general framework by which one can establish 
the minimum-time needed to economic maturity with respect to different game structures (or institutional 
arrangements) between the representative household and the self- interested politician. Moreover, our 
mathematical results show us, for the first time, in which way and to what extent preference, technology, 
economic and political institutions affect the minimum-time needed to economic maturity in a stochastic 
growth model. And this would be regarded as one innovation of the paper when compared to Kurz 
(1965), Phelan and Stacchetti (2001), Acemoglu et al. (2008, 2010, 2011), Kaitala and Pohjola (1990), 
and Leong and Huang (2010). 

It is plausible to argue that in an underdeveloped economy such as China (see, Song et al., 
2011), the government and the households are motivated to choose appropriate fiscal policies and 
investment strategies, respectively, such that the economy reaches its maturity state as soon as 
possible. Our study has formally modeled the state of economic maturity in a stochastic growth model. 
Moreover, we by employing the optimal stopping theory widely used in mathematical finance give a 
formal definition of the concept of minimum-time needed to economic maturity. And it would be regarded 
as an advantage of the stopping theory that the maximal and sustainable capital stock per capita as well 
as the minimum-time is endogenously determined. Indeed, the major goal of the paper is to investigate 
the effect of game structure on the minimum-time needed to economic maturity. That is, if we interpret 
different game structures as different institutional arrangements, then this study provides a basic 
framework for the comparative study of economic maturity under different institutional arrangements. In 
a simple model of endogenous growth, the closed-form solution of the minimum-time needed to 
economic maturity has been derived with the explicit condition, under which cooperation between the 
representative household and the self-interested politician will induce much faster economic maturity 
than that of decentralized sequential action, supplied, too. That is, we have shown an example where 
individual rationality results in dynamic inefficiency under certain institutional arrangement. Nonetheless, 
it would be noticed that our model can also produce the corresponding condition under which dynamic 
sequential game structure corresponding to capitalism in some sense will induce much faster economic 
maturity than that of cooperative stochastic differential game structure in a stochastic growth model. 

 

References 

[1] Acemoglu, D., Golosov, M., Tsyvinski, A. (2008). Political Economy of Mechanisms, Econometrica, 
76: 619-642. 

[2] Acemoglu, D., Golosov, M., Tsyvinski, A. (2010). Dynamic Mirrlees Taxation under Political 
Economy Constraint, Review of Economic Studies, 77: 841-881. 



Theoretical and Practical Research in Economic Fields 

58 

[3] Acemoglu, D., Golosov, M., Tsyvinski, A. (2011). Political economy of Ramsey taxation, Journal of 
Public Economics, 95: 467-475. 

[4] Acemoglu, D., Johnson, S., and Robinson, J.A. (2005a). The Rise of Europe: Atlantic Trade, 
Institutional Change, and Economic Growth, American Economic Review, 95: 546-79. 

[5] Acemoglu, D., Johnson, S., Robinson, J.A. (2005b). Institutions as a Fundamental Cause of 
Development. In Handbook of Economic Growth, ed. Philippe Aghion and Steven Durlauf, 386-472. 
Amsterdam, Holland: Elsevier. 

[6] Aghion, P. (2004). Growth and Development: A Schumpeterian Approach, Annals of Economics 
and Finance, 5: 1-25. 

[7] Akerlof, G.A. (1997). Social Distance and Social Decisions, Econometrica, 65: 1005-1027. 

[8] Amable, B. (2003).The Diversity of Modern Capitalism. Oxford: Oxford University Press. 

[9] Barro, R.J. (1973). The Control of Politicians: an Economic Model, Public Choice, 14: 19-42. 

[10] Barro, R.J. (1990). Government Spending in a Simple Model of Endogenous Growth, Journal of 
Political Economy, 98: 103-125. 

[11] Başar, T., Haurie, A., Ricci, G. (1985). On the Dominance of Capitalism Leadership in a Feedback-
Stackelberg Solution of a Differential Game Model of Capitalism, Journal of Economic Dynamics 
and Control, 9: 101-125. 

[12] Buchanan, J.M., Tullock, G. (1962). The Calculus of Consent. University of Michigan Press, 
Michigan. 

[13] Chakraborty, S. (2004). Endogenous Lifetime and Economic Growth, Journal of Economic Theory, 
116: 119-137. 

[14] Chamley, C. (1986). Optimal Taxation of Capital Income in General Equilibrium with Infinite Lives, 
Econometrica, 54: 607-622. 

[15] Chang, F., Malliaris, A.G. (1987). Asymptotic Growth under Uncertainty: Existence and Uniqueness, 
Review of Economic Studies, 54: 169-174. 

[16] Chari, V.V., Kehoe, P.J. (1990). Sustainable Plans, Journal of Political Economy, 98: 783-802. 

[17] Chari, V.V., Kehoe, P.J. (1993). Sustainable Plans and Mutual Default, Review of Economic 
Studies, 60: 175-195. 

[18] Coase, R.H. (1988). The Firm, the Market and the Law. Chicago: University of Chicago Press. 

[19] Dai, D.(2012). Stochastic Versions of Turnpike Theorems in the Sense of Uniform Topology, Annals 
of Economics and Finance, 13: 389-431. 

[20] Dai, D. (2013). Modeling the Minimum Time Needed to Economic Maturity, Economic Research 
Guardian, 3: 2-21. 

[21] Dai, D., Shen, K., Ma, R. (2013). A Case against Zero Capital-Income Taxation, Frontiers of 
Economics, China, 8: 65-91. 

[22] de la Croix, D., Ponthiere, G. (2010). On the Golden Rule of Capital Accumulation under 
Endogenous Longevity, Mathematical Social Sciences, 59: 227-238. 

[23] Farhi, E., Werning, I. (2008). The Political Economy of Nonlinear Capital Taxation. Mimeo, Harvard 
and MIT. 

[24] Ferejohn, J. (1986). Incumbent Performance and Electoral Control, Public Choice, 50: 5-25. 

[25] Fischer, S. (1980). Dynamic Inconsistency, Cooperation, and the Benevolent Dissembling 
Government, Journal of Economic Dynamics and Control, 2: 93-107. 

[26] Harsanyi, J. (1955). Cardinal Welfare, Individualistic Ethics, and Interpersonal Comparisons of 
Utility, Journal of Political Economy, 63: 309-321. 



 

59 

Volume IV Issue 1(7) Summer 2013 

[27] Hoel, M. (1978). Distribution and Growth as a Differential Game between Workers and Capitalists, 
International Economic Review, 19: 335-350. 

[28] Hurwicz, L. (1996). Institutions as Families of Game-forms, Japanese Economic Review, 47: 13-
132. 

[29] Jeanblanc, M., Lakner, P., and Kadam, A. (2004). Optimal Bankruptcy Time and Consumption/ 
Investment Policies on an Infinite Horizon with a Continuous Debt Repayment until Bankruptcy, 
Mathematics of Operations Research, 29: 649-671. 

[30] Jones, L.E., Manuelli, R.E., Rossi, P.E. (1993). Optimal Taxation in Models of Endogenous Growth, 
Journal of Political Economy, 101: 485-517. 

[31] Judd, K. (1985). Redistributive Taxation in a Simple Perfect Foresight Model, Journal of Public 
Economics, 78: 59-83. 

[32] Kaitala, V., Pohjola, M. (1990). Economic Development and Agreeable Redistribution in Capitalism: 
Efficient Game Equilibria in a Two-Class Neoclassical Growth Model, International Economic 
Review, 31, 421-438. 

[33] Kalai, E. (1977). Proportional Solutions to Bargaining Situations: Interpersonal Utility Comparisons, 
Econometrica, 45: 1623-1630. 

[34] Karatzas, I., Wang, H. (2000). Utility Maximization with Discretionary Stopping, SIAM Journal on 
Control and Optimization, 39: 306-329. 

[35] Klein, P., Krusell, P., Rios-Rull, J.-V. (2008). Time-Consistent Public Policy, Review of Economic 
Studies, 75: 789-808. 

[36] Kocherlakota, N.R. (2005). Zero Expected Wealth Taxes: a Mirrlees Approach to Dynamic Optimal 
Taxation, Econometrica, 73: 1587-1621. 

[37] Kurz, M., (1965). Optimal Paths of Capital Accumulation under the Minimum Time Objective, 
Econometrica, 33: 42-66. 

[38] Kydland, F., and Prescott, E.C. (1977). Rules Rather than Discretion: The Inconsistency of Optimal 
Plans, Journal of Political Economy, 85: 473-492. 

[39] Lancaster, K. (1973). The Dynamic Inefficiency of Capitalism, Journal of Political Economy, 81: 
1092- 1109. 

[40] Leong, C.K., Huang, W. (2010). A Stochastic Differential Game of Capitalism, Journal of 
Mathematical Economics, 46: 552-561. 

[41] McKenzie, L. (1963a). The Dorfman-Samuelson-Solow Turnpike Theorem, International Economic 
Review, 4: 29-43. 

[42] McKenzie, L., (1963b). Turnpike Theorems for a Generalized Leontief Model, Econometrica, 31: 
165- 180. 

[43] McKenzie, L. (1976). Turnpike Theory, Econometrica, 44: 841-865. 

[44] Merton, R. C. (1975). An Asymptotic Theory of Growth under Uncertainty, Review of Economic 
Studies, 42: 375-393. 

[45] North, D.C. (1990). Institutions, Institutional Change and Economic Performance. New York: 
Cambridge University Press. 

[46] North, D.C. (1994). Economic Performance through Time, American Economic Review, 84: 359-
368. 

[47] Olson, M.C., (2000). Power and Prosperity: Outgrowing Communist and Capitalist Dictatorships. 
Basic Books, New York. 

[48] Phelan, C., Stacchetti, E. (2001). Sequential Equilibria in a Ramsey Tax Model, Econometrica, 69: 
1491- 1518. 



Theoretical and Practical Research in Economic Fields 

60 

[49] Phelps, E.S. (1961). The Golden Rule of Accumulation: A Fable for Growthmen, American 
Economic Review, 51: 638-643. 

[50] Pohjola, M. (1983). Nash and Stackelberg Solution in a Differential Game Model of Capitalism, 
Journal of Economic Dynamics and Control, 6: 173-186. 

[51] Øksendal, B. (2003). Stochastic Differential Equations. Berlin: Springer-Verlag, sixth edition. 

[52] Øksendal, B., Sulem, A. (2005). Applied Stochastic Control of Jump Diffusions. Berlin: Springer-
Verlag. 

[53] Radner, R. (1961). Paths of Economic Growth that are Optimal with Regard only to Final States: A 
Turnpike Theorem, Review of Economic Studies, 28: 98-104. 

[54] Rebelo, S. (1991). Long-run Policy Analysis and Long-run Growth, Journal of Political Economy, 99: 
500 -521. 

[55] Sen, A. (1970). Interpersonal Aggregation and Partial Comparability, Econometrica, 38: 393-409. 

[56] Simaan, M., and Cruz, J.B. (1973). On the Stackelberg Strategy in Nonzero-Sum Games, Journal 
Optimization Theory and Applications, 11: 533-555. 

[57] Solow, R.M. (2003). Reflections on Growth and Development, Annals of Economics and Finance, 4: 
219- 229. 

[58] Song, Z., Storesletten, K. and Zilibotti, F. 2011. Growing Like China, American Economic Review, 
101: 202- 241. 

[59] Turnovsky, S.J. (2000). Fiscal Policy, Elastic Labor Supply, and Endogenous Growth, Journal of 
Monetary Economics, 45: 185-210. 

[60] Wälde, K. (2011). Production Technologies in Stochastic Continuous Time Models, Journal of 
Economic Dynamics and Control, 35: 616-622. 

[61] Williamson, O.E. (2000). The New Institutional Economics: Taking Stock, Looking Ahead, Journal of 
Economic Literature, 38: 595-613. 

[62] Yared, P. (2010). Politicians, Taxes and Debt, Review of Economic Studies, 77: 806-840. 

[63] Yeung, D.W.K., and Petrosyan, L. (2006). Cooperative Stochastic Differential Games. Springer, 
New York. 



 

119 

Volume IV Issue 1(7) Summer 2013 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
Web: www.asers.eu 
URL: http://www.asers.eu/asers-publishing 
E-mail: asers@asers.eu   
ISSN 2068 – 7710 

 
 

 

 

A
S

E
R

S
 

http://www.asers.eu/
http://www.asers.eu/asers-publishing
mailto:asers@asers.eu

